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0 0 1 

" * i " 
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The degenerate case corresponds to 083 =0, or 0, = 02. The 
inverse relation is as follows. 

(17) 

This is an alternate derivation of the equations (13) and (14) in 
the paper. 

We now derive the two sets of actuation angles 0,, d2, 03 for 
any given position of the hand (body 7). The rotation matrix 
for the hand can be written as follows [11]; notation c = cos0 
and s=sin0 has been used for compactness. 

R = R(03,j)R(083,k).R(078,j) (18) 

C3C83C78 — S3S1S 

•S83C78 

S3C83C18 — C3S78 

— C3S83 

C83 

S3S83 

C3C83578 + * 3 C 7 8 

S$3S78 

— S3C83S78 + C 3 C 7 8 

(19) 

This rotation matrix will bring the hand from its initial or 
zero position shown in Fig. 1 to the current position. From the 
inspection of the second row and the second column, it is seen 
that (078, 083, 03) and (07'8, 08'3, 03') = ( TT + 078, - 083, TT + 03) 
are the two sets of spin, nutation and precession angles which 
lead to the same rotation matrix, and hence the same hand 
orientation. This result is closely related to the properties of 
the Euler angle mechanical "model" [12-14] and, more 
generally, to those of the spherical manipulators [15]. By 
using equation (16), one can now derive the following 
relations among the two sets of actuation variables (0,, 02, 03) 
and (0i, 02', 03') which lead to the same hand orientation (body 
7). 

r 
2 

3 _ 

= 

= 

" - l -i/t r 

- 1 + 1/M 

0 0 1 

7T+078 

- # 8 3 

7T+03 

- 0 7 8 +(1/0083+03 " 

- 0 7 8 -(1/O08 3 +03 

L K+6-i 

(20) 

From comparison of equation (20) with equation (16), the 
desired relations are as follows: 

: 7 T + ( 
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Fig. 2 One of Kuraiowski's two "basic nonplanar" graphs 

The Development of an Atlas of the Kinematic 
Structures of Mechanisms2 

Jerry T. Pugh.3 The authors provide a list of 35 graphs 
which define the kinematic structure of mechanisms with up 
to six links. This writer has found their list to be a most useful 
tool for enumerating the structures of spatial mechanisms for 
solving practical mechanism design problems. After the types 
of pairs (i.e., revolute, spheric, cylindrical) have been 
established, the enumeration proceeds easily from inspection 
of their list of graphs. After the enumeration process, the 
designer can feel confident that all possibilities have been 
established. I thank the authors for providing this useful tool 
and offer the following two observations. 

First, the authors restrict their study to linear (or planar) 
graphs. It can be shown that there is only one nonplanar 
graph with six or less vertices which meets the edge restriction 
criteria of the authors. This graph is one of Kuratowski's two 
"basic nonplanar" graphs (21). It has six vertices and nine 
edges and is illustrated in Fig. 2. If a designer is restricting his 
study of possible mechanisms to those with up to six links, it 
would seem useful for him to consider the structures 
represented by this single nonplanar graph. 

Second, the author's discussion of two-degree-of-freedom 
joints following equation (8) is not essential for the 
development of equations (16) and (17). These equations can 
be shown to follow from equation (8) in a manner similar to 
that used by the authors to develop equations (22). That is, 
equation (8) gives, 

3/-2/ -3+y 2>l 
Since j 2 S; 0, we can require, 

3 / - 2 y - 3 > l 

or, 
1 

y ' < l - / - 2 
2 

' > But since /> 1 we can require, 

1 
y<2/-2-

L 

and finally, sincey is an integer, 

y < 2 / - 3 . 
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Authors' Closure 

The authors are grateful to Mr. Pugh for his thoughtful 
comments. We were pleased to learn that the atlas was found 
to be a useful tool in practical mechanisms design. The 
restriction to linear or planar graphs was an arbitrary 
decision. It was based on the observation that while 
mechanisms with nonlinear and nonplanar graphs do exist, 
they are rare and their mechanical structure is complicated. 
We felt, therefore, that just as the graphs of mechanisms 
which do not obey the general degree-of-freedom equations, 
these could be omitted in a concise atlas. The discusser is 

entirely correct in pointing out the classical nonplanar 
Kuratowski graph with six vertices and nine edges. Nonplanar 
graphs do occur, for example, in the enumeration of plane, 
single-degree-of freedom ten-link bar linkages. 

With regard to the discusser's observation on the derivation 
of equations (16) and (17), we must respectfully disagree, 
since the inequality 3/—2/-3 +j2 S: 1 does not necessarily 
remain valid when72 >0 . 

The additional reference (the text by Seshu and Reed) is a 
very useful one. 

We appreciate the author's discussion, particularly the 
input from an industrial point of view. 
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