
Fig. 12 A series of photographs of the DEC-338 grapl 
ing the motion of automobile hood linkage shown in 
translafional spring and frictional joint forces. Vector 
mobile hood. 
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lie display screen taken during a program run simulat-
Fig. 1 1 . The system moves under the influence of a 
V17 is the velocity of the center of mass of the auto-

D I S C U S S I O N 

John M. Vance2 

The authors of this paper have performed a useful service 
in showing how the classical Lagrangian method can be applied 
to constrained dynamic systems through the use of Lagran
gian multipliers. They have also made this method more con
venient for the design analyst by categorizing the acceleration 
terms under the terminology of d'Alembert forces for a general 
system. 

Another approach to the constrained mechanical system is 
to reduce the problem to the minimum number of independent 
coordinates through direct substitution of the constraint relation
ships between the coordinates. For planar mechanisms, the 
equations of motion can be derived from Newton's Laws and 
simple power balances as well as from Lagrange's equations. 
Bonham [9]3 provides an unusually clear illustration of this 
method. 

A third approach to this type of system involves the use of 
kinematic influence coefficients [10]. This method allows a 
system containing many links to be replaced dynamically by a 
single-link system with mass properties which are functions of a 
position coordinate. This method is really a formalized varia
tion of the substitution method, but it does eliminate the necessity 
to compute the forces of constraint on the individual links. 

All of these methods have their proponents and all are under 
development to a high state of refinement, as evidenced by 
the subject paper and by references [9] and [10]. In the opinion 
of this writer, each of the methods has its own peculiar advantages 
and a decision to use one or the other should depend on the 
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characteristics of the system to be modeled, as well as on the 
objectives of the analysis. 

Briefly stated, the advantages of the Lagrangian multipliers 
method are: 

1 The forces of constraint are automatically obtained from 
the Lagrangian multipliers with no additional analysis required. 

2 The mathematical form obtained is easily related to 
physical intuition about forces, accelerations, etc., for each link 
in the mechanical system, as superbly demonstrated by the 
authors. 

3 Three-dimensional (not planar) systems can be readily 
analyzed using the Lagrangian formulation. 

4 The method is well known by dynamicists and is treated 
extensively in the literature. Computer programs for solving 
simultaneous sets of ordinary differential equations are readily 
available. 

The advantages of the method of reference [9] are: 

1 This method is probably the simplest and most easily 
understood. 

2 The problem of determining the motion from the boundary 
forces and torques is solved almost as readily as the problem of 
determining the boundary forces and torques from the motion, 
if a digital computer is available. 

The advantages of the method of reference [10] are: 

1 The problem is reduced to the solution of only one differ
ential equation for each independent coordinate (usually one 
"input"). 

2 The influence coefficients can be calculated for specific 
kinds of systems and tabulated for use b}' designers. 

3 The forces of constraint need not be obtained. (They 
are not automatically obtained in computing the motion.) 

The equations presented in the subject paper are quite lengthy. 
The differentiation with respect to time is responsible for most 
of the term expansions in equations (15), (16), and (17), and 
results in an unnecessary step of reintegration to obtain the 
motion (usually accomplished numerically, with an associated 
error). I t is not necessary to differentiate with respect to the 
time. Reference [11] shows how a set of first-order finite differ
ence equations are derived directly from Hamilton's principle, 
eliminating the differentiation with respect to time. The equa
tions derived by the method of reference [11] are equivalent 
to Hamilton's canonical equations, but do not require a definition 
of the Hamiltonian. Of course, employment of this method 
would not yield the expressions for generalized d'Alembert forces 
obtained in the subject paper. 
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