
and where 

Nr 
O P 2 r a ( l - 4ra

2) + Era(ra cos 9 - ra sin 9)(2QP 2 - 1) 

2ra
2UF3 sin /3 

Differentiating equation (23) with respect to time yields a di
rectly. 

Having computed a and a, fa and ra can now be obtained 
from 

ra = raa (24) 

''a = W + raOi2 (25) 

Thus in equations (15) and (16) every variable has been de
fined. Therefore angular velocity and acceleration can be com
puted. 

Flat-Face Follower Case. Consider Fig. 3 again, with angle y now 
shifted to point P . 

W. 
Era 6 sin 9 

(ra
s + E2 - 2Era cos 9 ) 1 / 2 

E[ra cos 9 — ?'Q. sin 9] — rara 

(ra
2 + E2 - 2Br a . cos9 ) 1 / 2 

ra cos y — raQ sin y 

where Q is as defined in equation (19), 
and 

rj-a cos 2-y — ra
2Q sin 27 

2(r„2 cos2 7 + E2) '< 

and 

OP sin t/' = ?•„ sin </> 

OP cos \p = E — ra cos . 

0 = 7T - (7 + \p) 

(26) 

(27) 

Dividing equation (26) by (27) and substituting the value of <f> 
and simplifying, gives 

ra sm 7 

E 
(28) 

(I) Thus displacement = \p — fa where fa = s i n - 1 ( — ) and 7 

is as defined in equation (17). 
Differentiating equation (28) with respect to time gives 

V̂  = 
ay cos 7 + fa sin y 

E cos \{/ 
(29) 

and 

lP = 

a is directly obtained by taking the time derivative of equation 
(34). Using these values of a and a in equations (24) and (25), 
fa and ra are defined for this case. Thus all variables in equations 
(29) and (30) are defined. Hence values of angular velocity and 
acceleration can be computed. 
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cos ip{ (ra& + 2faa) cos 7 — (raa
2 — ra) sin 7} + \p sin \p(raa cos 7 + fa sin 7 ) 

E cos2 \f/ 
(30) 

In equations (29) and (30), 7 and 7 are the same as defined in 
equations (18) and (19). However, a. and a. acquire different 
values in this case. These are obtained as follows: 

In triangle 00„P (Fig. 3), 

E* = OP* + ra* - 20PV„ cos 7 

This is a quadratic in OP. 

OP = ra cos 7 + [ra
2 cos2 7 - (ra

2 - E*)]1/2 (31) 

Only the positive sign is considered since negative OP does not 
signify anything. 

Also 

OP = (ra
2 + E* - 2raE cos 0)1 /* (32) 

where 9 = <f>, — (9 — a) and </>i has been defined in equation 
(9). 

From equations (31) and (32), 

ra cos 7 + [ra
2 cos2 7 - (r„2 - E*)]1/z 

- [ra
2 + E2 - 2Era cos 0 ] 1 / 2 = 0 (33) 

Differentiating equation (33) with respect to time and solving 
for a gives 

9. W. M. Dudley. "New Methods in Valve Cam Design." 
Machine Design. Vol. 27, Nov. 1955, p. 195. 

D I S C U S S I O N 

W. T. Walters2 

The authors have recognized the presence of shift between the 
output motion of the follower arm and the actual cam profile. 
The geometry of the cam/follower system determines the angles 
of shift. 

Based on the paper's recommendation regarding cam profile 
curves, an analysis of functions other than Fourier series will 
show different effects on the follower output motion. This re
viewer has found that Fourier expressions in cam design are a 
rather limited method for motion specification; a large number of 
terms are required to guarantee smoothness. A Fourier expres
sion is probably valid only in this instance: when the finite 
Fourier series gives a cam profile smoother than the obtainable 
manufacturing tolerances. Thus, choose the highest (or rath) 
harmonic such that the difference between the series with (ra — 1) 
harmonics and one with n harmonics is less than the estimated 
machining accuracy. 

W, 

x, Yf-Zf 

(34) 2 Research Associate, Department of Mechanical Engineering, 
University of Florida, Gainesville, Florida. 
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Actually, the frequent problem in industry3 is not to analyze, 
but to design (i.e., synthesize) a cam profile providing certain 
chosen follower output motions. In this instance, no iteration is 
necessary and the polar coordinates (ra, a ) of the cam profile 
contact point are directly determinable. 

Roller Follower. Jeans4 studied this very practical problem of 
synthesis using the theory of envelopes, and the results below for 
the roller follower are due to him. Specification of the geo
metrical parameters D, E, Rh R2, and Rf plus the desired swing
ing arm motion \p = \j/{d) leads to the polar coordinates (rf, df) of 
the center of the roller follower as 

v = D1 + E1 - 2DE cos \p 

et = e - ($1 - $) 
where 

\j/i = sin"1 

$1 = s in - 1 

"fli + Rf 

D sin \pi 

. Ri + Rt _ 

17 A 

$ 
D sin \p 

L r, J 

= cos 1 E* + (Ri + RfY - D* 

2E(R, + Rf) 

Shift = ($1 — $2) with $2 evaluated at the end of the rise where 
tp = \pt and >7 = R-2 + Rf. These above equations for (r/t 0f) are 
sufficient to determine the point of contact on the cam profile as 

Rf + rf ± 1R,r, cos p 

VR, sin p 

where 

tan p 

drf 

dd 

J L ( dr 

r, \dd 

DE . , dip 
sin \p • 

*f) rt \dd J/\dd J 

dd 

dd, 
f = 1 + 

D 

$ 
DE . , 

cos \p — —- sm2 \p ] dip 

He 

The minus sign is used when the roller follower circumscribes the 
cam. 

Flat-Faced Follower. A cam is synthesized to meet the motion 
specifications \p = \p{d) upon selecting the geometrical parameters 
E, Rh and R2. These equations are derived by Mohan5 using the 
theory of pedal curves. The follower motion is 

3 Based on discussions with Pauline Pagel, Custom Cam Depart
ment of Ferguson Machine Company, St. Louis, Missouri. 

4 Jeans, Hans, "Designing Cam Profiles with Digital Computers," 
Machine Design, Oct. 31, 1957, pp. 103-106. 

5 Molian, S., The Design of Cam Mechanisms and Linkages, American 
edition from American Elsevier Publishing Co. Inc., New York, 1968. 

-Nomenclature-
rs = distance from cam center of rotation Oc to center of roller 

follower. 
Of = angle between rotating axis and line rf. 
ip\ = angle complementary to shift angle $ i = 4>i 
$ = follower shift angle for any value of 6; also, angle between 

OcO and line rf 

P = angle between normal at contact point and line rf. 
q = intersection of cam profile tangent OP and a perpendicu

lar to line OP passing through Oc. 
rq = line Ocq 
6 = angle between r, and rotating axis 

rq = E sin \p 

eq = e - ( f - >Ai) 

where 

ipi = sin" 
R^ 

E 

Point q is the intersection of the cam profile tangent OP and a 
perpendicular to line OP passing through Oe. Parameters for the 
contact point are 

r, v.- - (t) v + 
a = 6 + tan" 

dr„ , dip 

d8 Y dd 

rq \d6j. 

= e„ + tan- r, \ dd )l \ dd ) _ 

dK 
dd 

1 
dd 

This reviewer is a firm believer in the use of direct design 
methods to avoid trial-and-error solutions. In fact, the syn
thesis equations recalled above4 '5 allow a direct calculation of the 
cam profile from a knowledge of system geometry and the 
parameter \p = \p(d). The shift due to geometry is automatically 
incorporated into the designed profile. 

The judicious choice of the best output function for a given 
synthesis problem is largely dependent on the system parameters 
and the applied work function. This philosophy is being de
veloped at the University of Florida and will be submitted for 
publication in the near future. The Polydyne design procedure 
is sufficiently well-known to illustrate this point. 

J. S. Beggs6 

Generally the purpose of a cam is to produce a desired motion, 
so one would naturally start with that motion and design the 
cam to produce it. Here the authors design a cam which gives 
the correct dwell positions to the follower, then specify the shape 
of the cam during the rise by a Fourier Series containing 8 co
efficients. These eight coefficients are uniquely determined 
by making the rise curve have third order contact at its ends 
with the circular dwells. This ensures a smooth transition 
from the dwell to the rise with zero jerk as contrasted with a 
Geneva wheel with infinite jerk at the start of the motion. As 
for the rest of the curve, and the follower motion, you take what 
you get. If you grabbed a boa constrictor by the head and tail 
he would probably throw a loop around your neck, but this 
curve is very well behaved between its end points! Frankly 
I am astounded that the motion curves are so "smooth" relative 
to some optimum shape which is supposedly being approximated 
by a Fourier Series (for example, sawtooth waves approximated 
by truncated Fourier Series as illustrated in math books have 
ripples in their surface). I am told that an error of 0.001 in. 
in a high speed cam is intolerable. If this method of design 
is used the elastic dynamics of the follower train should be in
vestigated for resonance excited by the terms of the Fourier 
series. The angular jerk, \p of the follower as indicated by the 
slope of the \p curves appears reasonable but it would be nice 
to have it plotted. The alphas and gammas in the figures are 
indistinguishable and unfortunately the data on the classic 

6 Professor, University of California, Los Angeles, Calif. Mem. 
ASME. 
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papers of Stoddart and Dudley referred to didn't get printed 
in the bibliography. 

I found the paper very interesting. 

D. Bloom7 

Analysis of an oscillating cam follower motion, given the 
cam profile, is indeed a difficult problem in kinematics. I would 
like to commend the authors, Mr. Rahman and Professor Bussell, 
for a job well done. 

Nearly all design problems involving the use of cams can 
be separated into two categories. The first category is one 
where an exact displacement path is specified for some portion, 
or all, of the output. In this case, the output may be specified 
by a series of functions ?/,- = /,(£)> o r by a graph of the output 
as a function of time. In addition, the kinematic relations 
are a function of the follower system configuration. The specifica
tion of the cam profile in this case is obviously not arbitrary, 
and the cam cannot be analyzed by the method described in 
the paper. 

In the second type of design problem, an arbitrary reference 
point in the output link is required to coincide with given station 
points as a function of time. This is the type of problem which 
can be solved by means of the cam discussed in the paper. In 
the illustrative case given in the paper there are two station 
points; one is defined b}r the radius of the lower dwell, the other 
by the radius of the upper dwell. The shape of the curve which 
determines how the output link travels from station to station 
is arbitrary. The authors have defined the cam profile curve 
joining the dwells by means of an eight term Fourier series. The 
constants in the series are evaluated to satisfy the total radial 
displacement specifications at the beginning and end of the cam 
profile curve, and the boundary conditions, which assure smooth 
transitions from dwell to rise, and dwell to fall. 

Of course, there is nothing mandatory about using a Fourier 
series to specify the cam contour; other curves could have 
been used equally well. However, the computer program devised 
by the authors to perform the analysis discussed in the paper 
is apparently designed to use only a Fourier series specification. 
In the discussion of their results, the authors show that the 
choice of an eight term Fourier series yields well behaved dis
placement, velocity, and acceleration curves comparable to a 
3-4-5 polynomial or a cycloidal cam. 

For the type of cam illustrated, the method of analysis pre
sented in the paper is indeed useful. The output produced by 
the computer program is directly applicable where the follower 
is a bell crank and the desired output is an angular oscillation. 
The main points of interest are the maxima of the velocity and 
acceleration. 

Another desirable output configuration is one where the angular 
oscillating output is converted to a linear reciprocating one. This 
output and the equations necessary to effect the conversion 
are shown in Fig. 7. To obtain a set of curves similar to those 
shown in Figs. 4 and 5, but depicting the displacement, velocity, 
and acceleration of the reciprocating system, would apparently 

KINEMATIC EQUATIONS FOR THE OUTPUT 
OF A CAM WITH OSCILLATING FOLLOWER 

CONVERTED TO A RECIPROCATING OUTPUT 

. OUTPUT 

y • f(tl 8 - u t 

y - L0 [Sin +0 - Sin t j ,o - + >] 

dt - y - L0 C o s ( M ) -

J f • y • LO cos(V« *J • LO sin(V +) 

e • CAM ANGULAR DISPLACEMENT 
u> - CAM ANGULAR VELOCITY 

m 

7 Senior Engineer, McDonnell Douglas Astronautics Company— 
West, Huntington Beach, Calif. Mem. ASME. 

Fig. 7 

require a revision to the computer program. I would recommend 
this as a worthwile addition since it would add considerably 
to the analytical capability of the program. 

One more practical recommendation is in order. Since the 
cam will, most likely, be cut by numerical control it is necessary 
to establish the cam profile in terms of the path of the center 
of the milling cutter. Specification of the milling cutter path 
could be automatically output with only minor revisions to 
the computer program. Transformation of the computer gen
erated data into a format suitable for numerical control could 
be an interesting topic for a future paper. 

Authors' Closure 
The authors wish to express appreciation to Mr. Walters," Mr. 

Bloom, and Professor Beggs for their comments. Apparently 
the inadvertent omission of a sub-heading in the original manu
script has misled the commentators to believe the primary intent 
of the paper to be one of synthesis where analysis was intended. 
A direct analysis of the follower motion, though possible using 
the approach presented, was too cumbersome to apply, hence the 
iterative analysis. 

The computer program was not limited to the Fourier series 
representation of a cam profile but can utilize any profile rep
resented by r = /((?). The fourier series, although limited to 
fourth harmonic term, produced a smooth curve. The use of the 
Fourier series was simply for convenience in representing a cam 
profile with the only requirement that there be smooth transitions 
from dwells to rise and fall curves. 

The analysis of reciprocating follower, as suggested by Mr. 
Bloom, is behig dealt with in another paper which is in prepara
tion. The cam profile synthesis equations presented by Mr. 
Walters are quite interesting and he is thanked for adding them to 
this presentation. The authors also wish to thank professor 
Beggs for his suggestion to investigate the effect on resonance by 
the Fourier series. 
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