
D I S C U S S I O N 
L. P. Zick7 

The autlior has done an excellent job of analyzing a specific 
example of a torispherical head which has proportions that 
place it beyond the empirical torispherical head rules of the 
Code. Of particular interest is his comment on the high circum-
ferential compressive stress over the entire knuckle region. 

In 1944, Mr. H. C. Boardman [9 ]'analyzed a sharp intersection 
between a cone head and a cylindrical shell, and he proposed 
rules for compression ring reinforcements. Par. UG-32(g) and 
UA-4(f) of Section VIII of the ASME Boiler and Pressure Vessel 
(UPV) Code provide similar reinforcement rules for sharp inter-
sections of conical heads having a half apex angle of 30 deg or 
less. These rules are based upon the premise that the compres-
sive stress of the composite compression ring region should not 
exceed the allowable tension stress value. The same limit is 
specified in Par. UG-23(b)( l ) for the allowable compressive stress 
in a cylindrical shell. 

If the circumferential compressive stress in a 6 per cent tori-
spherical knuckle (L = 2R) is limited to the allowable tensile 
stress as it is in other parts of the UPV Code, then such heads hav-
ing a cylindrical radius/head thickness ratio greater than 35 ap-
pear to be underdesigned when present Code head rules are used. 
Fig. 9 has been developed empirically to point up the region where 
this becomes important. 

' Research Engineer, Chicago Bridge & Iron Company, Chicago, 
111. Mem. ASME. 

8 Numbers in brackets from 9 to 12 designate References at end of 
discussion. 

Fig. 10 gives the proportions for an ASME standard (6 per cent) 
torispherical head and an assumed shape to permit analysis of the 
head similar to that used for sharp conical head intersections. 
The spherical portion is continued to its intersection with the 
cylindrical shell. The unbalanced inward force at the junction is 
0.866P.fi! where P is the internal pressure and R is the cylindrical 
radius. The internal pressure acting on the vertical projection 
of the effective compression region reduces this inward, un-
balanced force. 

If the knuckle alone is assumed to resist the unbalanced force 
at a compressive stress equal to the allowable tensile stress, all 0 
per cent torispherical heads would have to be about 2.5 times as 
thick as now required by the Code. However, the effective area 
is greater than just the knuckle region in the smaller diameter 
thicker heads. Also, the very large thin heads are not stressed 
uniformly throughout the knuckle region so an area less than the 
knuckle region is effective. 

Therefore, the curve in Fig. 9 for the 6 per cent torispherical 
head is based upon the assumed effective compression region 
shown in Fig. 10 for the assumed shape. The material within a 
distance of 0.7 times the square root of the product of the tangent 
radius and the actual thickness on either side of the junction is 
included. The internal pressure acting over a vertical height of 
1 . W R T will reduce the inward unbalanced force. The net un-
balance will produce a circumferential compressive force F in lb 
which is given by the following equation: 

F = 0.866PR"- - 1.2 PR2\/T/R (64) 

The compressive circumferential stress over the assumed effec-
tive region is 

S 
F 0-866 - \ . W T / R — — - Jrli* 

1.7TRVT/R 
(65) 
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Fig. 9 Proposed correction factor to be applied to required code head 
thickness 
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Fig. 10 ASME standard (6 per cent) torispherical head 
[See Par. UG-32(e) and (j)] 
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Then 

T = 
PR 
S 

0.510 V R 
- 0.706 (66) 

T, = 1.77 PR 
SE - 0.10P 

wliich for low pressures reduces to 

1.77 PR 
Tr = 

SE 

(67) 

(67a) 

T. 
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V c (c + 0.319) 0-23 ^ 

(68) 

(68a) 

PL 
~2 ~ (69) 

If the circumferential compressive stress S is not to exceed the 
allowable, the required thickness of the head is obtained from 
equation (66). Since the compressive stress governs, a joint ef-
ficiency E = 100 per cent is assumed. 

On the other hand, the thickness of the torispherical head, ac-
cording to UPV Code, is 

On the knuckle side of junction A, the Ti stress is the same as 
in the spherical portion. The T2 stress (circumferential) is ob-
tained from the equation 

— - f - = p L r or 
1\ PL 

— H P 
L 2r 

Then on the knuckle side 

Tt = PL (! — -£-M ) 

(70) 

(71) 

The UPV Code does not recognize the maximum stress as com-
pressive so the joint efficiency is based upon tension. 

If the allowable stresses in compression and tension are as-
sumed to be the same and E, the joint efficiency in tension, is 
0.80, the ratio between these computed thicknesses is given by 

This stress is the maximum calculated compressive circum-
ferential membrane stress in the knuckle but does not exist. Since 
continuity exists between the knuckle and the spherical cap, the 
final circumferential stress in the head can be estimated to be the 
average of the T2 values given by (69) and (71). 

Ti avg 
PL f L\ 

(72) 

If Tc is the head thickness as calculated according to the Code, 
and T the thickness of the head which would give stresses not to 
exceed the allowable tension, and c the ratio T/Tc, then the thick-
ness of the head should be 

T = cT, 
PL 
45 (3 - L/r) 

but from the Code Tr = 
MPL 
2 SE 

The values of c for various R/Tc values have been plotted in 
Fig. 9 for torispherical heads with 6 per cent knuckles and L = 
2R. The coefficient c represents the maximum factor by which 
the Code thickness of the head should be increased to limit the 
circumferential compressive stress to the allowable stress value. 

It might be argued that this curve represents a head made of a 
spherical segment (plus a flange) having a spherical radius twice 
as great as the cylindrical radius. On the other hand, the correct-
ness of this approach is partially substantiated by plots of the 
examples listed as follows: 

and combining (73) and (74) 

C = 2 ! ( 3 - L / r ) 

(73) 

(74) 

(75) 

For the 6 per cent torispherical head shown in Fig. 10 with E — 
0.80 

0.8 

2(1.77) L 0.127?J 
2 R 1 

- r r ^ ; = 3.1 
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This approach does not account for benefits that are un-
doubtedly gained by increasing the knuckle radius above 6 per 
cent. Also a smaller spherical radius will reduce the unbalanced 
force and therefore the compressive stress in the knuckle. 

Table UA-4.2 of the UPV Code gives values for the constant 
M = 1/4(3 + VWr) in the formula for determining the required 
thickness of a torispherical head. If the average circumferential 
compressive stress at the sphere-knuckle junction (jt. A Fig. 10) 
is limited to the allowable tension stress, a correction factor c 
depending upon L/r should be applied to the Code thickness. 

The primary membrane stresses on the side of the spherical 
element at junction A (if the members are cut at A) are the same 
both in the circumferential direction (7*j lb/in.) and the meridio-
nal direction (Tl/ lb/in.). These are given by 

From Fig. 9 it can be seen that the sharp intersection approach 
gives smaller c values except for R/Tc values in excess of 700. 
At the other extreme, an L/r value of 6.5 would result in a c 
value of 1 by averaging the circumferential membrane stresses 
at the discontinuity. In other words, Code designed torispherical 
heads having L/r ratios up to at least 6.5 appear to limit the 
circumferential compressive stress to the allowable tension stress 
or less for all values of R/Tc. As either or both ratios L/r and 
R/Tc increase, the present Code permits an increase in the cir-
cumferential compressive stress. 

A 3 :1 ellipsoidal head has about the same depth as an ASME 
standard (6 per cent) torispherical head. The minimum tangent 
radius is slightly greater than 6 per cent of the diameter of the 
cylinder. The tangent radius varies continuously, which elimi-
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nates the discontinuity except at the head-to-cylinder junction. 
This discontinuity can be analyzed assuming the elements of the 
head to be beams on an elastic foundation [12], The maximum 
circumferential compressive stress was determined for 3:1 ellip-
soidal heads having various R/Tc ratios. The required head 
thickness was determined by limiting this maximum calculated 
stress to the allowable tension stress, c values were determined 
by comparing this thickness with the thickness required by the 
present Code. These are plotted in Fig. 9. 

The present Code requires a 3 :1 ellipsoidal head to be slightly 
thicker than the 6 per cent torispherical head having the same 
depth. However, it is apparent from Fig. 9 that the circumferen-
tial stress can be reduced substantially for high ratios of R/Tc 

by going to the ellipsoidal shape. Another approach woidd be to 
use more than one radius in the knuckle so that the discontinuity 
stresses are reduced and so that the unbalanced inward force is 
spread over a wider band of the head. 

For very large R/l\ ratios, consideration should be given to 
the possibility of local buckling due to these circumferential com-
pressive stresses. For values up to 1000, this should not be a 
problem in torispherical and 3 :1 ellipsoidal heads. However, it 
may start to govern the 2 : 1 ellipsoidal head at R/Tc = 650. 
The maximum circumferential compressive stress in a 2 : 1 ellip-
soidal head has the same magnitude as the circumferential tension 
stress in the cylinder when they are the same thickness. Since 
the knuckle approximates a torus, which in turn becomes a 
cylinder as the diameter of the center line of the torus approaches 
infinity, the allowable compressive stress should be limited as now 
required for cylindrical shells in Par. UG-23(b)(2). 

Although this discussion has not included toriconical heads and 
reducers, the same general approach is applicable. This crude 
approach is offered in an attempt to define the region where 
caution is warranted. A series of calculations such as those pre-
sented by the author and/or a series of measured stresses woidd 
be more appropriate and would bring out the effect of increasing 
the knuckle radius. 

The writer assumes that the author is considering the high local 
bending stresses in the meridional direction when he determines 
the collapse by his limit analysis and when he refers to brittle 
fracture. This is implied since he speaks of choosing yield hinge 
points at the mid-point of the torus, etc. The stresses in this 
direction are tension on one surface and the writer assumes that 
such stresses are required in speaking of brittle fracture. Does 
the high circumferential compressive stress in the knuckle region 
contribute in any way to the collapse pressure or brittle failure 
determined by the author's limit analysis? Although a defect is 
mentioned in the conclusions, the writer gets the impression from 
reading the paper that the limit analysis predicts failure of a 
brittle material even though the so-called defect is limited to the 
nonhomogeneity of the material and/or weld metal. 

The writer has been unable to find in the literature a tie-in be-
tween biaxial stresses and brittle failure where one of the stresses 
is compressive. On the other hand, a high compressive stress 
would contribute to the transverse strain due to Poisson's ratio. 
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Fig. 11 Limit pressure for ASME standard head 

The ASME standard torispherical head is such that the radius of 
the toroidal knuckle is 6 per cent of the radius of the spherical cap 
which in turn is equal to the diameter D of the cylinder. The re-
sults of the work show that the present ASME Code for Unfired 
Pressure Vessels is unsuitable when the design or working pressure 
is low (less than 100 psi, approximately, for steel plate). The 
limit pressure npD predicted by limit analysis for a head of uni-
form thickness t is given by the full curved line in Fig. 11, 
which is a plot of t/D versus npD/a0. A scale is also given for 
npD with the value 30,000 psi for the yield stress <r0. pD is the 
design pressure and n the factor of safety against collapse. The 
two straight lines marked t/D = 1.77npD/2 X 0.8o"0 and t/D = 
1.77/i.pD/2<r0 show the thickness ratio t/D as specified by two 
interpretations of the ASME Code. It may be seen that for 
npD in the vicinity of 100 psi and below, the safety factor against 
reaching the limit pressure at operating pressures may be danger-
ously low for a head designed according to the Code. 

Author's Closure 
The author wishes to thank Messrs. Zick and Shield for their 

generous comments on his work and also for their contributions 
to the paper. 

Even though it was derived on an approximate basis, Mr. 
Zick's Fig. 9 should be of value to the designer as it delineates 
the geometries where caution is required. As Mr. Zick states, 
it would be most helpful to conduct experiments and make 

' Brown University, Providence, R. I. 
'» R. T. Shield and D. C. Drucker, "Limit Strength of Thin-Walled 

Pressure Vessels With an ASME Standard Torispherical Head," to 
appear in the Proceedings of the Third IT. S. National Congress of 
Applied Mechanics. 

0.012 

R. T. Shield9 

The author is to be congratulated for an excellent contribution. 
There is no need to stress the significance and practical value of 
his work. 

The writer would like to mention that since this problem was 
brought to their attention by the author, Prof. D. C. Drucker and 
the writer have used limit analysis to predict the limit strength 
of thin-walled pressure vessels with an ASME standard head.10 

0.014 
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accurate calculations in order to check the validity of Fig. 9 
for various percentages of knuckle-radius head-diameter ratios. 
In so far as the calculations are concerned, the author might 
mention that he has calculated, on a computer, the influence 
coefficients for a number of toroidal shell geometries which will 
make the accurate analj'sis of torispherical shells much easier. 
The author hopes to present this work in the near future. 

The additional limit analysis results cited by Professor Shield 
are most interesting. In reference [10], Professors Shield and 
Drucker also gave another interpretation of these results and it 
seems to be their feeling that the provisions of the Code give a 
smaller factor of safety than that desired for D/t 60 and above. 
This is in rough agreement with Mr. Zick's estimate of D/t = 35 
and above. 

The high circumferential compressive stress does play a part in 
the determination of the limit load and the author refers Mr. 
Zick to reference [10] for further details. 

There is also a minor error in the paper which the author would 
like to correct at this time. When the vessel is filled with water, 
the meridional direct stresses in the torus due to the skirt reaction 
(see page 53 of the paper) should read as follows: 

Above the skirt attachment: Acr = 165 psi 

Below the skirt attachment: Acr = 4180 psi 

These values can be checked from Equations (24a), (44), (45), 
and (46); the new values do not affect the conclusions of the 
paper. 
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