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Fig. 3 The upper set of curves is for the data of Example 2 and the 
lower set is for Example 1. The points of tangency of the curves are for 
the optimums of the examples. The curves show, in general , and exactly 
for these examples, how the vo lume, weight , and length change w h e n 
values different from the opt imum spring index are used. 

Example 2 
Given the following: 

P = 50 1b 
5 = 5 in. 
G = 12 X 105 psi 

The design constant is 

r = 50,000 psi 
0 = 2 

B = 
SG (5) (12 X 106) 

Q (8Pttt) 1/2 2 [ (8) (50) (TT) (50,000) ] l / ' 
3780 

D„ 
m -

C4 + 2.365 C3 + 1.115 C2 - 0.867 C - 0.615 

The graph of this equation is plotted as D„ in Fig. 1. 

Inside Diameter Specified 

— ^ r ) ( C - 1) ( 2 2 ) 

Substituting Equation (9) into Equation (22) and squaring both 
sides gives 

(23) D{' = C3 - 0.635 C2 - 0.98 C + 0.615 

The graph for this equation is plotted as D{ in Fig. 1. 

Example 3 
The conditions given in Example 1 are to apply and, in addi-

tion, the outside diameter of the spring is to be 3 in. 

1, the correspor 

_ (SKPCy _ l~(8) (1 • 127)(75) ( 1 1 . 2 ) ~ | = 

\ tT J L ( t t ) (40,000) J 

From Fig. 1, the corresponding value of C is 11.2. 

From Fig. 1, the values of C for minimum weight and volume 
are 11.2 and 4.3, respectively. For minimum weight, d = 0.179 
in. and n = 19.15, giving a spring with D0 = 2.18 in. and L = 
3.78 in. For minimum volume, d = 0.122 in. and n = 231, giving 
a spring with D„ = 0.647 in. and L = 28.4 in. The change in 
weight and volume for different values of C are shown in Fig. 3. 

These examples show that a spring designed for minimum 
volume or length may not be practical. If the spring is not prac-
tical, a designer, with the aid of Figs. 1 and 3, would be able to 
make a compromise and select a spring index which gives a spring 
of practical proportions, and also nearly fulfills the requirement of 
minimum volume or length. 

In other cases it is specified that the spring fit over a rod or in a 
hole which requires that the spring be made with a given inside or 
outside diameter. If, in addition to P, 8, G, and r , a diameter is 
specified, there is only one solution. The spring cannot be 
minimized for volume, weight, or length. 

When Dc is fixed, the corresponding value of C can be deter-
mined as follows 

Outside Diameter Specified 
en D0 is fixed, the correi 
as follows 

D. = D + d = d{C + 1) = (C + 1) (20) 

Substituting Equation (9) into Equation (20) and squaring both 
sides gives 

(21) 

This can be checked 

D0 = d{C + 1) = (0.246) (11.2 + 1) = 3 in. 

In some applications an intermediate load is specified and the 
maximum load is arbitrary. Spotts [2] has shown that for this 
problem with an assumed value of C, a spring with minimum 
weight is obtained when the maximum load is made two times as 
large as the intermediate load. For this type of problem, the 
maximum load can be determined in this manner before selecting 
a value of C from Fig. 1. 

Conclusion 
The use of these curves to select a value for the spring index 

does not interfere with the usual procedure in spring design. All 
of the information that is needed for the selection is shown in Fig. 
1. In these curves the full value of the Wahl factor was used. 

Wahl [3] has considered the design of springs for minimum 
volume. He simplified the work by neglecting end coils which 
made it possible to investigate nests of springs. The results pre-
sented here agree closely with his work for a single spring. The 
reason for this can be seen from Fig. 2. A spring designed for 
minimum volume has a large number of active coils; hence the 
effect of end coils is not great. This is not true when a spring is 
designed for minimum weight or length. 
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D I S C U S S I O N 
E. S. Ault2 

This paper is an excellent application of a procedure that always 
delights me—the combining and gathering together of interre-

2 Professor of Machine Design, Purdue University, Lafayette, Ind. 
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lated variables into such a form that a relatively direct solution 
of a problem with many unknowns is possible. 

The authors have accomplished this most successfully and 
have provided charts of design constants that facilitate their 
method. The paper is a welcome addition to the literature. 

C. W. Bert3 

The authors are to be commended for developing a very useful 
method for the optimum design of helical compression springs. 
Their method facilitates rapid design because they have suc-
ceeded in grouping all of the fixed requirements into a single 
design constant, B. 

It is the practice of some spring-design engineers to apply the 
full Wahl stress-concentration factor to only the variable-stress 
component in springs subject to fluctuating loads. For static 
loading, they sometimes use a reduced stress factor which takes 
into account only the contribution of direct shear in increasing 
the stresses in a spring and which neglects the effect of coil curva-
ture. Although this practice may not be justified theoretically, 
it is the common belief that its use has been verified experi-
mentally. Those who prefer to use reduced stress factors can 
use the same general method as outlined in the paper to arrive 
at another set of curves analogous to those in Fig. 1. If this is 
done, it will be found that the curves will be moved to the left. 

As the authors state, they derive their expressions for the design 
problem in which the maximum load and maximum deflection 
are specified. The comments in this paragraph are intended to 
supplement their work in reference to its application to the 
design problem in which an intermediate working load Pi is 
specified and the maximum working load Pi is arbitrary. In 
applying their results to this problem, the authors referred to 
the work of Spotts (reference [2] in the paper), where it was 
shown that a spring having minimum weight is obtained when 
P2/P1 is equal to 2. However, Spotts neglected the effect of 
the inactive end coils. Account of the end-coil effect on the 
load ratio P2/P1 for minimum weight was made by Jennings.4 

Using the notation of this paper, his expression was 

P 2 / P , = 2(3Q)/(2n + 30 ) (24) 

The load ratio approaches a value of 2 only when the number of 
active coils is excessively large. According to Jennings, Equation 
(24) also gives a spring which occupies a minimum volume of 
space, assuming that the minimum clearance between coils is 
proportional to the solid height of the spring. 

It is interesting to note a basic difference between the optimum 
analysis by Jennings and that by the authors. Jennings4 arrived 
at an optimum design for the problem he considered without 
taking into account the Wahl factor, while in the analysis by 
Hinkle and Morse the Wahl factor and its variation with spring 
index are necessary to achieve an optimum. 

Another factor of importance in helical spring design is the 
well-known decrease in allowable stress with increase in wire 
diameter for most materials. Faires5 has observed that the 
allowable torsional stress is inversely proportional to the wire 
diameter raised to an exponential power. For the usual spring 
materials, this exponent varies from 0.125 to 0.22. When the 
exponent is 0.22, the size effect is of equal importance to that 
of the Wahl factor. It has been shown by the writer6 that the 

3 Principal Mechanical Engineer, Applied Mechanics Division, 
Battelle Memorial Institute, Columbus, Ohio. Assoc. Mem. ASME. 

4 J. Jennings, "Springs of Minimum Weight," Machinery, vol. 52, 
1938, pp. 707-709. 

6 V. M. Faires, "Design of Machine Elements," The Macmillan 
Company, New York, N. Y., third edition, 1955, pp. 173-174. 

6 C. W. Bert, "Analysis and Optimum Design of Helical Compres-
sion Springs," unpublished MS thesis, The Pennsylvania State 
University, 1956, pp. 68-69. 

Wahl factor is inversely proportional to the spring index raised 
to the 0.22 power, within an accuracy of about 3 per cent over 
the range of spring indexes from 4 to 10. 

Of course, a trial-and-error method in which a trial wire size and 
corresponding allowable stress are selected can always be used. 
However, to save design time, it would be desirable to develop 
design charts in which the effect of wire diameter on allowable 
stress is incorporated. 

In manj' design situations, the final design chosen must neces-
sarily be a compromise among a number of choices, each of which 
is aii "optimum" for one particular characteristic only. Some 
characteristics in addition to these considered in the paper 
include: 

1 Minimum spring cost. Obviously this is particularly 
important in high-production applications. 

2 Resistance to buckling. This is of importance only for 
unguided helical compression springs. 

3 Natural frequency. This is often of importance in dynamic 
applications. 

4 Ejection velocity or energy-release rate. 
5 Maximum spring life under fluctuating load or fluctuating 

elevated temperatures. 

It would be quite worth while to develop a universal spring-
design chart or series of charts in terms of nondimensional 
parameters which would show the effect of considering each of 
the foregoing criteria. 

P. H. Black7 

In the field of mechanical design there is a large number of 
comparatively simple elements, such as springs, the design of 
which has been too much of a trial-and-error procedure. In con-
trast, considerable work has been done and progress made in 
the analysis and design procedure in more complicated areas 
sucli as lubrication and bearing design, and in metal cutting. 
The authors deserve special commendation for this contribution 
to the rationalization of the design of the helical spring, a neg-
lected element. 

One point that occurs to the writer is that the authors might 
well include a discussion of the effect of pitch of the coils on the 
length of the spring; for instance, that a specified clearance 
between coils at the maximum-load condition, (A — 5)/n, would 
have a marked increase in the length of a spring of minimum 
volume, medium increase for minimum weight, and least for 
minimum length. It might be well also to use subscripts for 
spring length L to avoid confusion, for instance, between L in 
Equation (16) which stands for the free length, and L in Fig. 2 
which is the compressed-solid length. 

G. H. Howell8 

The authors have indicated that a spring designed for mini-
mum volume or length may not be practical. This is not to 
say that there is no practical value to the determination of 
these extremes because these do provide a pair of limiting con-
ditions which as a general rule we would not even want to 
approach. 

The minimum-volume extreme will tend toward a spring which 
will buckle while the minimum length will give an inordinately 
high spring index. Note also, in Example 1, the large number 
of active coils in the first as compared to the low number in the 
second. This, of course, leads to the interesting conclusion that 
in the minimum-volume spring each coil deflects only 0.017 in. 

7 Chairman, Department of Mechanical Engineering, Ohio Uni-
versity, Athens, Ohio. Mem. ASME. 

8 Professor, Mechanical and Industrial Engineering Department, 
Wayne State University, Detroit, Mich. Mem. ASME. 
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while in the minimum-length spring the deflection per coil is 
1.1 in. 

The minimum-weight spring presents some even more interest-
ing aspects. The authors have indicated that the torsional 
strain energy in a cubic inch of material in the form of a circular 
rod is 

<712 

Based on the conditions of Example 1 where the stress is 40,000 
psi, this becomes 

4 ' X 10" 
4 X 12 X 10s 

= 33 in-lb/in.3 

which defines the absolute minimum volume of material for a 
given load-deflection combination. In the example given the 
energy input is 

75 X 0.5 
= 18.75 in-lb 

Thus, the theoretical minimum volume of material is 

18.75 
33 

= 0.57 cu in. 

Minimum length, 
0.99 

0.284 
= 3.50 cu in. (620 per cent) 

U = 
T2V„ 

4 G 

U 
SSVg 
4 Gk2 

Now if we substitute for V„, the total spring volume, V, 
divided by x, the ratio of total volume to active volume, the 
equation becomes 

U = 
SSV, 
4 Gk2x 

From this equation and for given conditions of Example 1, it 
then becomes possible to compute the expected actual volume as 
a percentage of the theoretical volume. The tabulation indicates 
the values of k, k2, and x for the example given: 

k 
k2 

x 

Minimum 
volume 
1.429 
2.042 
1.07 

Minimum 
weight 
1.262 
1.593 
1.21 

Minimum 
length 
1.075 
1.156 
5 .4 

Note how this figure compares with the actual volume contained 
in the three springs calculated: 

0.35 

Minimum volume, ^ ^ = 1.23 cu in. (218 per cent) 

0.31 Minimum weight, ^ ^ ^ = 1.09 cu in. (193 per cent) 

These figures indicate the truth of the authors' statement that 
the minimum theoretical weight can never be obtained. How-
ever, it would appear that the reasons are not fully enough 
explained. 

Going back to the original equation for torsional strain energy 
(or resilience) and for purposes which will be evident later using 
total strain energy of the active coils, the equation becomes 

This equation is predicated on all of the energy being "returnable" 
as the wire is "unwound" when the torque producing force is 
removed and becomes an absolute maximum when T is equal to 
the yield point stress. 

When we relate this equation to a circular rod wound in the 
form of a helical spring, two extraneous factors enter the deter-
mination of the maximum fiber stress, the first is stress due to 
the wire curvature and the second is the direct shear. Both 
are included in the maximum shear stress existent when Wahl's 
factor is applied but neither develops "returnable" types of 
energy. The returnable energy is determined by the stress SJk 
and the equation takes the form 

This equation also can be developed from the basic stress, load, 
and deflection formulas for springs including the Wahl factor. 

From these figures, by using V, = k2xV, and comparing to the 
actual volumes determined from the results of the example given, 
we can determine the relative accuracy of the theories evolved: 

Minimum volume, 2.042 X 1.07 = 218 per cent 
Minimum weight, 1.593 X 1.21 = 193 per cent 

Minimum length, 1.56 X 5.4 = 620 per cent 

The accuracy noted leads us to say again that while the springs 
are not practical, per se, the theories can have a very practical 
application. Added to this, the development of the single-
solution curves for a given I D or OD can be of invaluable assist-
ance to the designer. 

Authors' Closure 
Professors Ault and Black, both being Machine Design teach-

ers, are fully aware of the shock that many students receive 
when they move from Strength of Materials to Machine Design 
where the problems are not presented so that there is a single, 
simple solution, but are met head on. They therefore welcome 
any contribution that eases their burden. 

The use of a reduced Wahl factor for statically loaded springs 
may result from the time-honored custom of neglecting stress 
concentration in a statically loaded member, but including all 
stresses that can be determined from equations giving nominal 
stress. In many applications this is correct. When the dis-
tribution of the stresses in a spring is examined it will be seen 
that those due to curvature and direct shear have the same effect 
on the stress due to torsion, i.e., their detrimental effect is 
significant in the same small region on the inside of the coil. 
Hence, we believe that, if there is justification for neglecting one, 
there is also justification for neglecting the other. However, 
or Mr. Bert suggests, curves can be made for all types of stress 
factors. 

Jenning's paper was not available to us. We appreciate Mr. 
Bert's inclusion of equation (24). 

In this paper we assumed zero clearance at the maximum load 
condition. In practice a small clearance would be required. 
If a large clearance is necessary, the derivation of new equations 
would be required as suggested by Professor Black. 

Professor Howell has discussed some of the aspects more 
fully. His equations and examples should help the reader to 
obtain a deeper insight into the ply'sical concepts of the problem. 

We wish to thank the discussers for their interest and their 
contributions. Because of time, we confined ourselves to the 
problems presented here. We hope that this paper, and the 
discussions, will encourage others to continue the work in optimum 
design. Mr. Bert has listed five problems that could be investi-
gated. 
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