
carried further and the accelerations satisfied. The completed 
acceleration polygon is shown in Fig. 10. Once the acceleration 
polygon is complete, the lengths of the remaining links can be de-
termined. The acceleration polygon will also determine the sense 
of these links. 

Results of an Example Problem 
The details of solving a problem are simple, but step by step 

explanations are of such length that they must be omitted here. 
The results of applying the design procedure to a specific example 
are shown. The function used in this example is z = x'y1-2, for 
1 < x < 1.4 and 1 < y < 2. The method given in Solution I for 
separated design positions was applied to this problem and the 
results are shown in Fig. 11. The design positions are not points 
of zero error due to drawing inaccuracies. 

The same problem was solved by the method of Solution VI for 
design at a single point and the results are shown in Fig. 12. In 
this application the design is very good in a region about the de-
sign point (x = 1.2, y = 1.5) and the error becomes greater away 
from this point. 

solution of designing two degree-of-freedom linkages. Compared 
to present methods of synthesis for single degree-of-freedom 
linkages the approach may appear simple and the results crude. 
One cannot hope to find procedures for a more complicated 
linkage that will compare in simplicity and accuracy with the 
simpler four-bar linkage. The design procedures were developed 
with the intention of finding a general configuration of the linkage 
and certain dimensions to help the designer fit the final linkage to 
his particular application. The errors that result from the de-
signs may eliminate the application of these procedures to some 
problems. Since the designs are quickly accomplished, several 
may be completed in a search for one fulfilling the allowable 
tolerance. One cannot hope to obtain errors of the magnitude 
possible in a four-bar linkage without considerable luck. In the 
man}' applications where the tolerances are more liberal, satisfac-
tory solutions can be obtained. Perhaps future work will present 
methods of reducing the maximum error as has been done for the 
four-bar linkage. 
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D I S C U S S I O N 
F. Freudenstein3 

Linkages with two degrees of freedom possess challenging 
design possibilities both in path and function generation as, for 
instance, in applications currently utilizing three-dimensional 
cams. The design of such linkages is complex and the author 
is to be commended for being among the first to investigate 
this subject and for having reduced it to the simplest possible 
geometrical terms. In the author's mechanism there are 9 
link lengths, 3 scale-factors and 3 zero values (constants), and 
hence 11 precision points exist in theory in the general ease. It 
will be of interest to consider whether some of the techniques 
of synthesis developed in recent times could be used to increase 
the number of precision points obtained by the author thus far. 
Furthermore, if the graphical techniques presented in this paper 
can be expressed analytically in a manner suitable for computer 
programming, the usefulness of the results might be incieased. 
In any case, this work represents an encouraging beginning in a 
difficult field of endeavor. 

T. P. Goodman4 

This paper is a good beginning in a difficult field. Linkages 
which mechanize functions of two variables should be useful 
in automatic controls, especially in "adaptive" or "self-adjust-
ing" controllers in which a second input variable is used to ad-
just the gain of the primary variable. The mechanical simplic-
ity with which nonlinear functions of two variables can be ob-
tained by these linkages, as shown by the example at the end 
of the paper, should represent a significant advantage over 

3 Columbia University, New York, N. Y. Assoc. Mem. ASME. 
* Assistant Professor of Mechanical Engineering, Massachusetts 

Institute of Technology, Cambridge, Mass. Assoc. Mem. ASME. 

Summary 
The preceding designs are presented as an approach to the 
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Fig. 11 Comparison of the actual and desired functions for an example of 
Solution I 
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Fig. 12 Comparison of the actual and desired functions for an example 
of Solution V I 
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conventional mechanical and electronic computing elements in 
control applications. 

The solution of the problem for both finitely separated positions 
and infinitesimally close positions is a logical extension of the 
kinematic-synthesis techniques developed for the single-variable 
problem.5'6 For infinitesimally close positions, the use of velocity 

6 R. Beyer, "Kinematische Getriebesynthese," Springer Verlag, 
Berlin, Germany, 1953. 

6 F. Freudenstein, "Approximate Synthesis of Four-Bar Linkages," 
T R A N S . ASME, vol. 7 7 , 1 9 5 5 , pp. 8 5 3 - 8 6 1 . 

and acceleration vectors to synthesize the desired values of the 
displacement derivatives dz/ d.c, dz/ dy, d2z/ dx2, and d2z/ di/2 

is an ingenious procedure. For finitely separated positions, 
since all constructions used depend on drawing a circle through 
three points, it appears that the method of point-position re-
duction7 could be used to design more complex linkages to match 
a larger number of points. For both types of solutions, a digital 
computer undoubtedly could be used for further refinements. 

7 K. Hain, "Angewandte Getriebelelire," Hermann Schroedel Ver-
lag, Hannover and Darmstadt, Germany, 1952, chapter N. 
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