
GlK<» 

kfolgMpW - P<2>)(P(2> + pWkhi)]1/' 
« L , 

we obtain the usual growth rate: 

Wl,2 ±i 
'-gk'hs(pm - P (2 ))' 

pw + pivkhi 

'A 

which is proportional to As1/* for small fe. 
The last result may be relevant to the problem of boiling heat 

transfer. As is well known, the state of nucleate boiling will 
go over to stable film boiling when the temperature gradient 
exceeds certain critical value. For the film boiling, a fairly 
stable layer of vapor lies underneath the heavier liquid contrary 
to the criterion of Rayleigh-Taylor instability. Although, our 
result shows the instability will still persist, yet the growth 
rate can be greatly reduced. I t is conceivable that when the 
disturbances grow slowly to the finite amplitude, the nonlinear 
effect will eventually stabilize the system. 

For the unusual case tha t the latent heat is very small, if there 
is also no temperature gradient at equilibrium, then the dis
persion relation (43) reduces to 

Fi = 0, 

fffc(p(1) sinh kht cosh khi + p (2) sinh kh2 cosh khi) , „ s 

OJ2 = . (52) 
(p(1) — p(2)) cosh khi cosh khi 

We may also remark that the effect of surface tension can be 
ak* "| 

easily included. We need only to replace g by 

in the dispersion relation (43). 
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D I S C U S S I O N 

Vijay Dhir3 and John Lienhard4 

The author has presented a very comprehensive extension of 
the Taylor stability theory. I t will doubtless find applications in 
many important problems. He is quite correct, for example, in 
noting its potential application to film boiling. We have been 
involved for some time in this area and are delighted to see some
one address the combined influences of heat and mass transfer, 
and of finite fluid depth, on the stability problem. Indeed we are 
presently investigating the influence of another system variable— 
the liquid viscosity—upon the problem,6 and Prof. Hsieh's study 

3 Research Assistant, Mechanical Engineering Department, Uni
versity of Kentucky, Lexington, Ky. 

4 Professor of Mechanical Engineering, University of Kentucky, 
Lexington, Ky. 

6 This work is under the support of NASA Grant NGR/18-001-035. 

will provide verification for some of the assumptions w -.•, i.i, 
make. 

The purpose of our discussion is twofold. First we , li:;|| ,.. , 
Prof. Hsieh's very general dispersion relation, equation • 1:',, j , ,,' 
dimensionless form. This will make it far easier to d<-'i-i i,,;... 
which terms can be neglected in a given application. \\,..-i-• in 
then apply the equation to the process of film boiling ii-,.Ml . 
cylinder—a process for which there exists plenty of exp.-i:,,,,,,, • 
data. 

Order of Magnitude Analysis. To facilitate the nondirr-i-i ii,.,.,!. 
ization we are including a Nomenclature section in \uii ' | i . 'i,-
convenience, we combine all the nomenclature related !•. i»,..,-
Hsieh's equation (43) with our additional nomencla :i'... |„ 
particular the reader should note the distinction betweei I l-i|.j,\. 
effective gravity, g (which depends upon a variety of •.••in,, 
variables) and the actual acceleration on the system, gk, <\;n, 
for any boiling problem, the function, g, will introduce tl .• -n-i'.-ii-.. 
tension, a, it is proper to use a in our nondimension-ili •: ,:,,,,_ 
We then introduce the following dimensionless variable!-: 

A = Dm/Dm; Bi^kh; B2 = kh 

C^g/ga; K = KW/K<»; T = pm/PM 

/ = Lp^D^/GJiWh; E = gaTsJG,L 

A = 
1 

V3/c 

<7„[p(2) - P(1'] 'A 

r >">2) 

IgJlpW - PC)]J j 

JVCD = Z>(1> 
•ga[pW _ pW] •gj[pw _ p(»y 'A 

fe 
Under this nondimensionalization equation (43) beco'iu -

r 3J/Bi2OA2 5<y 
B, 

30A2 

B1 \ 3QA2\ , B1 j 30A2 

N™A 

X 

X coth ( f t "411 

V 3 (cosh Bi sinh B2 + T cosh B2 sinh Bi) 02A 

I1 + N^A)_ 

Bl(T - 1) 

-y/3 ( r - 1) cosh Bi cosh B£l*A. 

Bi + r 

(sinh Bi cosh B2 + V sinh B2 cosh Bi) 

X 1 + \ / 3 f i 2 A # 

+ V i + 
.V1 

ft + r 
30A2 

i\w 
coth B ?! -Jl 4-'-'"'.. ) 

30A2 

N^A C ° t h
 X 

[B.^l + 3QAA" 

W»A/. 
• l » 

Equation (43) contains 16 variables (if we include <T) in •"> dimen
sions. Our reduction of this expression into an equati"ii ,:i 

dimensionless groups is thus consistent with the Bui !.iii--1;l'" 
Pi-theorem. 

Fig. 1 shows a typical liquid-vapor interface in film b-1 I'1-- " ' 
a horizontal heater, both in a photograph from [8]s •• '••| '" • 
schematic idealization. The large wave amplitudes in tin' :'ii-"'-
graph represent growth to beyond the range in which tin1 i-"."-'1' 
linear theory can be expected to apply. However, since • •'•;:' ' 
cern is with the selection of the original small amplitude '•li,u 

6 Numbers in brackets designate Additional References ••> >'"' 
Discussion, 
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• Denotes .a max

Infinite Depth of
Vapor Blanket
(BI-co)---,

Cl
>; 0.6
u
iii
:::>

~ 0.4
\.1..

'"'"~ 0.2
.9

'"J::
Q)

E OL-..L--'------'--'---'--'-'----'-L-.L..-..L--'-----'--'---'---'
o 0 0.5 1.0 1.5

Dimensionless Wavelength, A
a) Flat Plate Heater

a.) Photograph: Acetone, R: 0.0 , 27 in., R': 0.203-

1.5

Acetone

IR'= 1.021
Wavelength
Data:

OC02[IIJ

Fig. 2 The dispersion relation for several cases

0.5 1.0
Dimensionless Wavelength, A

b) Cylindrical Heater

Cl 0.8 Infinite Depth 0

>; Vapor Blanket j
§ (B 1 -CO)--:-vI
g0.6 .Denotes .amax
It
~ 0.4
Q)

c
o
'in

~ 0.2 A Acetone [8J
i:5

Order of
Situations treated in text

Symbol magnitude CO, Acetone

r co to 2 1.915 334
B, 0.1 0.157 0.1 (a)

B, »1
11 oto 1 O. 1861 0.249 0.59810.817 (b)

A oto 1 1.1 0.9 1.0 0.8 (b)

lV(l) 0.01 to 0.001 0.00094 0.0118
J 1 to 0.01 0.0343 0.77.5
E «1 {These terms do not}
J( 0.1 to 1 appear in equation (:36)
A {Variable } 3.4 I 0.00418

froni «1
C to »1 Equations (;')3) and (54)
R' >0.06(e) co and 1.02 I co and 1.02

Table 1 Magnitude of dimensionless variables for the 111m boiling
conl1guration

(a) Evaluated using a value of k which corresponds with I1max •

(b) C02 and Acetone columns give coordinates for maximum 11.
The left-hand entry in each column is for R' = co and the right-hand
entry is for R' = 1.02.

(e) Reference [8] shows Tll,ylor waves cannot exist for R' ::0; 0.06.

(53)

(55)

1
C = 1-

3A'

Q == J_l_ (r - 1) C
"VSA (r + IIB, )

J 1 r - 1
Q = "yI3A r + 1 c;

This was modified by Lienhard and Wong [10] for the horizontal
cylindrical geometry. They retained the infinite depth assump
tion and obtained the same Q, but with

For comparison we can nondimensionalize Hsieh's equation
(46)~a simplified form of his dispersion relation~which is based
on all the same assumptions except that of infinite vapor depth,
and write it in the same form for this problem:

which eventually grow to this size, it is reasonable to compare
such data with the theory. The waves in the actual case are not
stable as Prof. Hsieh suggests, by the way. They are actually
executing a kind of cyclic bubble escapement process in which
Taylor-unstable waves grow and collapse to release bubbles.

The original hydrodynamic theory describing such behavior
was formulated by Zuber [9], who assumed infinite depth and
used the dispersion relation:

b.l Schematic diagram

Fig. 1 Conl1gurolion under considerolion in 111m boiling

1 1
C = 1 - 3A2 + 2R";

Equation (56) can also be summarized as

but inspection of equation (56) shows that at low pressure

F , ~ F, = V3Q2A - 1 + _1 __1_ (57)
3A' 2R"

(58)

(56a)

1 1

(VSA)3 + 2V3AR"
Q' = 1

VSA

Equation (56a) can be true for F, C"-: F" only if { ... j lor if
F , = F, = O. The former is out of the question since it requires
the unreasonable result: Q ~ l/A'. It follows that Hsieh is
correct in writing F, = 0 at low pressure. Thus equation (57)
gives

For r »B1 -, this is the same as equation (53).
Table 1 lists, in the second column, the relative order of magni

tude of the dimensionless variables in equation (43a). Using the
fact that B, « 1, B 2 » 1 and E « 1 we can reduce equation
(43a) to:

{
r [3JB,2QA2 ( 3QA,)lh

B, + r N(l) + B, 1 + N(l)

X coth ( B, ~1 + ~:~,) + %' ~'~I-+-1I-3~-(l~-~J}

X{(I + B,r)V3Q'A _ (1 __1_ _1_)}
B,(r - 1) 3A' + 2R"

{
(r - 1) yl3Q'A ( II)}

= (B, + r) - 1 - 3A' + 2R" (56)

Equation (:36) is the equivalent expression to Prof. Hsieh's equa
tion (49). However he has carried the deletion of terms farther
than would be admissible for the film boiling case, by taking B,
(or B, in his configuration) to be very very small.

which is exactly the dispersion relation given in [8] for low pres
sure.

This leads to an extremely interesting consequence of Prof.
Hsieh's analysis. Equation (58) includes none of the several di-
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mensionless groups related to heat and mass diffusion. We can 
conclude that at low pressure (or more precisely for T ^> Bi'1) 
such processes do not influence the Taylor stability. I t also 
shows that the widely used infinite vapor depth assumption, 
while wrong in concept, does not lead to error in most cases. 

At higher pressures, Fi and Fi begin to diverge from each other 
and the full equation (56) must be employed. The effects of heat 
and mass transfer will then be introduced into the problem. 

Numerical Results and Experimental Data. Abadzic and Goldstein 
[11] provide wavelength observations for the film boiling of C0 2 

very near the critical point, on a 0.19 mm radius wire. Their 
observations, like the earlier observations of Grigull and Abadzic 
[12] show that the Taylor waves do not remain intact too close 
to the critical point. Therefore, for all cases of practical in
terest, r is substantially greater than unity. We shall consider 
their results for 29.5 deg C. Here T = 1.915 and R' = 1.02. 

Accordingly we have solved equation (56) numerically for B' = 
1.02, and for the corresponding flat plate case (R' = °°). We 
have calculated each case both for saturated CO2 at 29.5 deg C 
and for saturated acetone at atmospheric pressure (since we have 
data for this condition). The results of this calculation are 
plotted in Fig. 2. Along with these curves we include the low 
pressure limit given by equations (53) and (54). The values of 
all dimensionless parameters corresponding with these cases are 
given in the two left-hand columns of Table 1. The vapor 
blanket thickness, which cannot be measured with any accuracy, 
was obtained from an approximate prediction made by Bau-
meister and Hamill [13]. This prediction is also reproduced and 
discussed critically in [8]. 

Fig. 2 shows that very near the critical point, Hsieh predicts a 
strong attenuation of the wave frequency. However the wave
length deviates very little from the low pressure values at any 
pressure, and equation (58) can be used for computations. 

Experimental data for acetone [8] and C0 2 [11], on horizontal 
cylindrical heaters, are included in Fig. 2. The measured wave
length for acetone nicely embraces the fairly flat range of maxi
mum frequency as we would expect. The measured wavelength 
for C02 , however, matches the "critical" (or minimum unstable) 
wavelength instead. We find this result surprising and wonder 
what its full significance might be. I t suggests that for the slow-
moving waves near the critical point much less inertia is involved 
and the wave with the fastest natural frequency might have far 
less advantage. The shorter wavelength might then be favored 
because it provides more vapor removal locations.7 In this 
case a precise explanation would require a proper formulation of 
the appropriate minimum principle. 

Conclusions 

1 Prof. Hsieh's dispersion relation, equation (43), has the 
potential for broad application in a host of problems. We have 
sought to pursue its application to film boiling. 

2 Equation (43a) is an appropriate nondimensionalization of 
equation (43) which facilitates order of magnitude simplifications. 

3 Equation (56) is the general dispersion relation applicable 
to film boiling. Except near the critical point, it can be replaced 
by equation (58). 

4 The use of equation (58) is not legitimate near the critical 
point despite the implication by previous authors [8, 9, 10, 11] 
that it might be. 

5 Q is far more sensitive to fluid depth than A is. 
6 I t is possible that the observed wavelength in film l)0ii-

shifts from the "most susceptible wavelength" to tho criii 1 
wavelength, near the critical point. 

itu-!,l 

1 That the critical wavelength has a natural frequency equal to zero 
is no problem. All waves in film boiling are driven beyond their 
natural frequency. 
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Nomenclature 

A = thermal diffusivity ratio, D™/D<-» 
Bi = dimensionless vapor blanket thickness, kh\ 
Bi = dimensionless depth of liquid, khz 
C = ratio of effective body force to actual body force 

g/ga 

D (1), D (2) = thermal diffusivity of vapor and liquid, respectively 
E = dimensionless group, equation (52) 

Fi, F-i = functions given by equations (44), (45); also used 
to denote the dimensionless form of these func
tions in the discussion 

Gi, & = temperature gradient in vapor and liquid phase, re
spectively 

g = acceleration due to effective body force 
ga = acceleration due to actual body force 

hi, hi = depth of vapor and liquid, respectively 
J = Jakob number, equation (52) 

K = ratio of thermal conductivities, K ( 2 , / K ( " 
L = latent heat of vaporization 

./yd) = dimensionless diffusivity of vapor, equation (52) 
R = radius of cylindrical heater 

R' = dimensionless radius of cylindrical heater, equation 
(54) 

k = wave number 27r/X 
K(1), K(2) = thermal conductivity of vapor and liquid, respec

tively 
T = density ratio, p^/p<-» 
A = wavelength 

A = dimensionless wavelength, equation (52) 
p(p j p<2> _ d e n s i t y of vapor and liquid, respectively 

0 = dimensionless frequency, equation (52) 

Authors' Closure 
The significance of the original paper is revealed much inu" 

clearly by the elaborate discussion by Mr. Dhir and Profcs-01 

Lienhard, The author would like to express his appreciation I" 
the discussers for their valuable contribution. 
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