
Table 1 Predicted quantities for flow C wi th IV„ = U0 

Values at x = 2060: , 

15 0.697 
20 0.686 
30 0.684 
50 0.684 

1.542 
1.527 
1.528 
1.529 

0.3265 
0.3224 
0.3210 
0.3210 

0.2458 
0.2425 
0.2413 
0.2412 

0.5392 26.43 
0.5358 26.35 
0.5346 26.28 
0.5341 26.28 

The quantities in the table are nondimensionalized as follows: 

pW 
X 103, 

p W 
X 10s, 0i/5o, 9z/$o, 

8*/S0, (Xu „)/5o. 

better than in published schemes for solving the two-dimensional 
counterparts of the present equations. 

I t is the intention to use the numerical scheme described here 
as the basis for an improved, fully three-dimensional method. 
The present scheme represents an advance on that of reference 
[1] and will no doubt be used in preference to it. But the present 
study nevertheless demonstrates that the basic principles under
lying the numerical scheme of reference [1] are both sound and 
appropriate to the solution of the equations in question. 
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D I S C U S S I O N 

F. J. Pierce6 

The author is complimented on this contribution to the devel
opment of a solution technique in a relatively complicated 
problem area. The need for work in calculation methods ap
plicable to three-dimensional turbulent boundary layer flows 
is clear b j ' the frequency of occurence of such flows in the real 
world of engineering and, until very recently, the general absence 
of research into solution methods in this problem area. I t is felt 
that the value of this paper to the potential user would be signifi
cantly enhanced if the author would provide additional discussion 
of some of the points listed below. 

Can the author provide any information on the success or 
failure of attempts to supplement by analysis, the trial and error 
stability boundaries on the solution technique? One point 
explicit difference approximations to differential equations can 
be highly unstable, and stability analysis is generally a necessary 
adjunct to the development of any such numerical method. 
For example, the classic von Neumann stability analysis, as 
orginally documented in the literature, is demonstrated as 

applicable to parabolic and hyperbolic equations but only for the 
linear case. Such a stability analysis has been extended to 
nonlinear parabolic equations by treating the nonlinear multiply
ing factors as loca ls constant for development of a local stability 
criteria. I t would be useful to elaborate on any attempts made 
at making such an extension to the case of nonlinear hyperbolic 
equations. This is a very difficult aspect of this problem and any 
experience which the author has acquired in this area of analytical 
stability analysis would be informative. 

Some additional details on the inner solution would be very 
helpful, especially the exact manner in which the universal inner 
law is utilized as a boundary condition. Information on the 
manner in which Townsend's inner law was generalized and the 
modifications made to allow for departure from collateral flow in 
this three-dimensional turbulent boundary layer is of extreme 
importance in that this is the region of largest gradients with 
significant changes in mean flow properties. The application 
of this solution technique would be difficult without a thorough 
discussion covering the details of the inner solution. 

Does the solution technique require a representative starting 
profile as an initial condition in x, or will it accept a Wu type 
block profile? 

In the verification of the method by comparison to momentum 
integral equations, how are the wall shear values generated which 
are necessary to these integral equations? 

In closing, it is suggested that the question of defining a 
limiting wall streamline in a three-dimensional turbulent bound
ary la3rer flow must be approached with caution, since the existence 
of a collateral near-wall region of flow is open. The experimental 
work of Francis and Pierce [9],e Klinksiek and Pierce [10], 
Gardow [11], Johnston [12], Hornung and Joubert [13], M. 
Smith [14], P. D. Smith [15], Lewkowicz [16], Prahlad [17] 

6 Numbers in brackets designate Additional References at end of 
Discussion. 

6 Mechanical Engineering Department, Virginia 
Institute and State University, Blacksburg, Va. 

Polytechnic Fig. 11 Local flow angle with distance from wal l for the Johnston [12] 
geometry at a station with significant cross flow 
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all show some profiles with from two to seven experimentally 
determined points which suggest a collateral near-wall region of 
flow when w/U is plotted against u/U in a velocity polar plot. 
The polar is a very useful figure in demonstrating the nature of 
transverse flow, but it lacks any information on the physical 
distance from the wall at which velocities are measured. Typi
cally the near-wall region of flow which represents perhaps 10 or 
20 percent of the boundary layer thickness will dominate about half 
of the polar plot. As a result, data points used in inferring a 
collateral near-wall region are usually taken over a very small 
physical distance. In a recent analysis, East [18] uses a mixing 
length model, which is not inconsistent with the universal inner 
law, together with the Prandtl generalization of three-dimensional 
turbulent Reynolds' stresses as presented in Goldstein [19] and 
applied to a boundary layer flow, to predict the flow field for the 
Johnston [12] geometry. For flow regions with reasonably large 
cross flow typical results of local flow angle with wall distance are 
shown in Fig. 11. Note especially that the local flow angle is not 
constant over any y range, but a linear region was encountered 
when calculations were made within the laminar sublayer itself. 
East ' s analysis suggests that caution must be advised in inferring a 
limiting wall streamline direction from an inner law including only 
turbulent flow regions, or even the use of a linear projection 
based on flow angles as one approaches the wall from an inner 
solution based on such a model. Flow angles reported in the 
experiment measured at 0.014 in. from the wall under predict 
the calculated limiting wall streamline direction by a significant 
percentage. The recent note of Rogers and Head [20] shows a 
variation in flow angle with distance from the wall for a three-
dimensional turbulent boundary layer. Their single profile 
is in general aggreement with the form of the curve in Fig. 11, 
with no collateral near-wall region being detected. Data for 
this profile wei-e taken with a specially designed miniature hot 
wire probe introduced into the flow field from the floor of the test 
section, thus influencing the flow field minimally. Many of the 
profiles referred to above, where direction was determined by 
conventional claw probes, Conrad probes, straight and gooseneck 
hot wires, and/or films, show the last two or more near-wall data 
points with constant flow angle. 
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J. P. Johnston7 and A. J. Wheeler7 

I t is comforting to know that Nash's current results confirm 
the approach used in his original paper [1]. We have been 
using the basic elements of his numerical scheme for some time 
in a set of computer programs to explore the applicability of the 
current physical models for shear stress in three-dimensional 
turbulent boundary layers. Our results, although they were not 
obtained in as systematic a fashion as those of this paper, confirm 
that a stable, accurate computing method of this type may indeed 
be constructed. 

There are, however, many other questions that an engineer 
must raise concerning this, or any other, method. Two of the 
most important are: (i) Does the physical model used to repre
sent shear stress magnitude and direction accurately represent 
nature? (ii) If it does not, under what conditions will the 
current model be of sufficient accuracy for engineering calcula
tions? Our work has been aimed primarily at answering these 

' Mechanical Enginee2'ing Department, Stanford University, 
Stanford, Calif. 
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Fig. 12 Main-ftow and cross-flow mean velocity profiles for case of 
reference [21] at x 1 = 3.0 in. station. Lines calculation. Points are data. 
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Fig. 13 Shear stress magnitude profile for case of reference [21] at x 1 

= 3.0 in. Points are data. 
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questions. I t would be useful to have some of the author's 
thoughts on these questions, as he has probably had considerable 
practical experience with real applications of his model equations. 

Figs. 12, 13, and 14 show a few of our own calculations relevant 
to the questions raised above. All are for the case discussed in 
reference [21]8. Here an initially two-dimensional turbulent 
boundary layer on a flat wall is forced to separate by the action of 
a step which is swept at an angle of 45 deg to the flow. Our 
calculations of mean velocity profiles, Fig. 12, using the Nash 
model and the Bradshaw model, reference [22], yielded identical 
results. Very small differences in mean velocity profiles were 
obtained using an eddy viscosity model. These differences were 
important only very close to the separation point. The Nash 
and Bradshaw model permitted a relatively accurate prediction 
of separation location, but the eddy viscosity model failed to 
predict separation in this case. 

Figs. 3 and 4 more clearly demonstrate the failure of the eddy 
viscosity model for the same case discussed previously. Both the 
Nash and Bradshaw models give good prediction of the magnitude 
of the turbulent shear stress; whereas the shear stress profile is 
poorly predicted by the eddy viscosity model, because it does 
not allow the stress field to "lag" the mean velocity field. Fig. 
4 shows that the angle of the mean velocity is predicted well by 
all models, but none of the models accurately predict the angle 
of the shear stress relative to the tunnel centerline. This re
sult is unique. In the only other three-dimensional boundary 
layer experiment where shear stress measurements were carried 
out, reference [23], our calculations by all models were in rel
atively good agreement with each other and with the data. 

Only by comparison of methods, such as that of Nash, to each 
other, and to a wide variety of experiments, will engineers gain 
confidence in the use of methods of this type. I t is our con
clusion that computation of three-dimensional boundary layers 
by direct numerical solution of the differential equations is today 

not only feasible, but greatly to be preferred over integral equa-
tion methods. To help build this confidence the author is in
vited to supply a few more examples of actual results obtained 
by this method for some real cases. Of particular interest 
would be some cases where the method was actually used in 
design and subsequently checked by experiment. 
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Authors' Closure 
I am indebted to Professor Pierce, Professor Johnston, and 

Dr. Wheeler for their interest in this paper, and for their com
ments. 

With regard to numerical stability, at tempts were made to 
apply the classical von Neumann stability analysis on a "local 
linearization" basis. This is not easy to do when the problem 
is other than a straightforward initial-value one, and the results 
were not conclusive. However, the maximum permissible .r-step 
can apparently be determined from an expression (equation 
(14)) which is consistent with an analysis of this type. 

The inner-layer calculation is probably the least satisfying 
component of the method. Several different forms have been 
tried, none of them entirely satisfactory, particularly in flows 
where substantial rotation of the streamlines occurs close to 
the surface. In the form tried here, a mixing-length model 
was used—as in the work of Townsend [7], and Perry and 
Joubert [24].9 However, the linear shear-stress relation was 
replaced by the expressions 

dy 

dp 

dx 
+ yiU* 

—- = 7 2 F 2 

oy 

which permit departures from collateral flow, and which also 
allow the wall boundary condition to be satisfied precisely; this 
helps to reduce discrepancies in the momentum balance. There 
are some theoretical grounds for including terms proportional to 
UW in each of the foregoing expressions but little further im
provement results from doing so. 

The checks on the momentum balance were made using the 
predicted values of wall shear stress. I t should be emphasized 
that these checks were checks on the internal accuracy of the 
method. 

Concerning the initial velocity and shear-stress profiles, it is 
necessary that these be reasonably representative. Otherwise 
excessively large x-derivatives are generated, and the computa
tion proceeds in very small x-steps until the profiles are modified 
to a more "acceptable" form. 

I am glad that Professor Pierce raised the question of whether 
the flow near the surface is collateral. Several recent sets of 
experimental data indicate that large changes of streamline 
direction are taking place as close to the wall as measurements 
can be made. Moreover, a theoretical result derived by Eichel-
brenner and Peube [25] shows that departures from collateral 
flow can be expected to occur, even in the viscous sublayer, 
whenever the pressure gradient acts in a different direction from 
the wall shear stress. This point is discussed further in reference 
[26]. 

8 Numbers 21-23 in brackets designate Additional References at 
end of Discussion. 

9 Numbers 24-29 in brackets designate Additional References at 
end of Closure. 
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Professor Johnston and Dr. Wheeler have made an important 
contribution to the subject by comparing the various methods 
0th each other (using a common numerical scheme), and with ex
perimental data. Their comparisons and conclusions are pre
dated in more detail in reference [27]. I t was my intention to 
confine the present paper to a discussion of the numerical aspects 
of the method so as to keep the length of the paper within reason-
dble bounds. However, detailed comparisons have been made 
ivith measurements in a range of different flows, most of which 
(fere fully three-dimensional: i.e., not just infinite-yawed-cylinder 
(lows. Pour comparisons are presented in the paper by Dr. 
patel and myself [28] and also in our book [26]. Our conclusion 
from all the comparisons we have made is that the method is 
jdequate for performing engineering calculations, and indeed it 
has already been used widely for engineering purposes. In some 
types of flow systematic discrepancies between theory and ex
periment occur, which probably reflect weaknesses in the empiri
cal model on which the method is based. However, these dis
crepancies are not substantial, and it is my belief that the present 
approach—represented by the work of Bradshaw, Johnston, and 

Wesselmg [29], in addition to our own work—currently provides 
the most reliable basis for calculating three-dimensional turbu
lent boundary layers. 
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