
in Fig. 1(a), when H(S) = 1, and 

G(s) 
10 6 g( l + g /5) ( l + a /4 ) ( l + s/0.65) 

"" s( l + s /500)( l + s/125)2 ( l + 1.845s + 2375s2)(l + s/0.78) 

The characteristic equation, in the form of equation (2), is: 

s7 X 3.9 X 10~4 + s» X 0.292 + s6 X 55 + s4 X 3090 

+ s3(2380 + K X 10® X 0.077) + s2(3.146 + K X 106 X 0.742) 

+ s ( l + K X 108 X 1.99) + K X 10« = 0. 

From equation (4) we obtain the fl-function: 

— 0.292(co2)3 + 3090(co2)2 

- (3.146 + 742000i?:)w2 + K X 108 = 0 

which, for the sake of convenience, may be rewritten as: 

106/fK(1.35 - co2) = 0.395co2( 10600 - co2)(1.02 X 10~3 - co2) 

where the subscript R has been added to K for identification. 
From equation (5) we obtain the /-function: 

- 3 . 9 X 10~4(co2)3 + 55(co2)2 - (2380 + 77000iQco2 

+ 1 + 1.99 X 1 0 = 0 
which may be rewritten as: 

10^, (25.9 - co2) + 13 = 5.06 X 10"3co2(141000 - co2)(43.1 - co2) 

where the subscript I has been added to K. 
The R and the /-curves may now be sketched in a (co2, K)-co-

ordinate system, see Fig. 3(a). The figure shows that the system 
is stable for 0 < K < 0.79 X 10 and for 0.107 <K< 6.2. The 
two stability ranges are limited by co = 0 and the three oscillatory 
frequencies 

— y / 0 . 4 2 2 X 10"3 = 3.26 X 10~3 cps, 
2ir 

y/22^9 = 0.76 cps, and V 8 8 0 0 = 14.9 cps. 

Points of interest on the R and the I-curve are listed in Table 1. 

Table 1 Same points of interest on the R and the (-curves. Appendix 2 

a. KJ KB 
0 - 0 . 5 X 10-« 0 
0.421 X 10"3 0 1.36 X 10-« 
0.422 X 10"3 0.79 X 10~9 0.79 X 10" s 

1.02 X 1 0 " 3 0 .7 X 10" ' 0 
1.35 1.6 X 10~3 

22.9 0.107 0.104 
25.9 00 0.117 
43.1 - 0 . 7 6 X 106 0.19 
8800 6 .2 6.3 
10600 6 .9 0 
141000 - 9 2 X 10 - ' 2 - 7 3 0 0 
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D I S C U S S I O N 
A. G. Fonda6 

The author is to be complimented on his meticulous and 
mathematically elegant presentation of a method of analysis 
which deserves common usage. Several prior and contemporary 
treatments of essentially the same method are referenced [12, 13, 
14, and 15].7 

Theodorsen's early use of the method presumed [12], as an 
aeroelastically convenient arrangement of the characteristic 
equation, a polynomial in X = co - 2 having complex coefficients, 
thus separable into two equations. Solving these for Xn and Xr 

at chosen values of a physical parameter 1/k, which can be 
thought of as a gain parameter analogous to Becker's K, Theodor-
sen then plotted XR and Xt versus 1/k to find the critical 1/k at 
XB = Xj. Thus, Theodorsen anticipated Becker's major steps 
of substituting s = jco, solving the real and imaginary poly-
nomials separately and numerically, and plotting to find their in-
tersection. Theodorsen's reason for finding frequencies at as-
sumed gains, rather than the converse as shown by Becker, was 
that his functions of 1/k were nonanalytic. 

A distinct alternative to the numerical-graphical method of 
Theodorsen and Becker is the algebraic method of solving the 
same equations, a method pursued in the three remaining ref-
erences. While the manipulation of algebra cannot always be 
carried through to a satisfactory conclusion, contrasting with the 
general certainty of the numerical-graphical approach, on the 
other hand an algebraic approach, when successful, offers a far 
better understanding of the inherent cause-and-effect relation-
ships of specific assumed equations. In the case of stability, 
where gain margin (or some other margin) is involved alge-
braically, and the physical design equations are incorporated into 
the system characteristic equation, the result is isolation of 
hitherto submerged but highly useful relationships between sys-
tem design and system stability. 

Reference [13], the writer's 1960 AIEE paper, was a liberal 
demonstration of the success of this algebraic approach (using the 
s = jo) assumption) in a feedback control system. To illustrate 
one derived relationship for a typical class of hydraulic servo-
mechanisms was that the spool-valve underlap needed for normal 
stability would be just 5 percent of the product of the actuator 
stroke and the actuator-to-spool feedback ratio, regardless of 
normal amounts of load inertia and normal amounts of compli-
ance of the back-up structure. These and many other concise 
results in reference [13] were quite unprecedented in the field of 
automatic control. 

In references [14 and 15], Frueh initiated and the writer con-
tinued the application of the algebraic approach to Theodorsen's 
problem. Recent aerodynamic theories permitted simple ana-
lytic representation of the "gain" effect of airspeed. Plots of 
coB2 and co,2 versus airspeed were then built up, algebraically, from 
"decoupled" special cases. A new understanding of the mecha-
nism of free-body flutter instability was thereby acquired. Also, 

6 Senior Staff Scientist, Astromechanics Research Division, 
Giannini Controls Corporation, Berwyn, Pa. 

7 Numbers 12-15 in brackets designate Additional References at 
end of discussion. 
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and this should apply in general, oos was found to closely predict 
each lightly damped oscillation frequency of the system (depend-
ing on stiffnesses and inertias but not upon dampings), as must 
also Becker's a) at IC = KR. The condition coB = 0 is then seen 
as a simple zero-stiffness effect. 

On the basis of its demonstrated success, the algebraic approach 
is recommended for use as either a precursor of, or a substitute 
for, conventional numerical analysis. Algebraic solution is not 
as difficult as might have been thought in the early electrical-
engineering days of control analysis; it often yields a happy com-
promise between the over-generalization of the mere rules of 
numerical analysis, and the over-specialization of any given set of 
numerical results. Our end goal is system sj'nthesis; impatience 
with trial-and-error numerical analysis as a means to this end, is 
very much in order. 

Additional References 
12 T. Theodorsen, "General Theory of Aerodynamic Instability 

and the Mechanism of Flutter," N A C A T R 496, 1934. 
13 A. G. Fonda, "Stabilization of Fluid Servomechanisms by the 

Stability Factor Method," A I E E 60-868, Applications and Industry, 
May 1962. 

14 F. J. Frueh, "First Progress Report, July 1962, Contract AF 
33(657)-8456, A Study of Approximate Flexible Airframe-Autopilot 
Transfer Functions," Astromechanics Research Division, Giannini 
Controls Corporation. 

15 A. G. Fonda and F. J. Frueh, "Second Progress Report, 
October 1962," same contract as reference [14]. 

Author's Closure 
It was with great interest that I read Mr. Fonda's discussion 

and the reports he referred to. I think Mr. Fonda is right in 
saying that over the years there have been several publications on 
control problems which were based on the same thinking which 
underlies the stability criterion in question. 

Since the paper was written, it occurred to me that the criterion 
is but a special application of a tool of analysis which we could 
call the R and /-curves method. The R and /-curves method 

will now be described briefly. The method is based on the follow-
ing theorem: 

"Given the equation, F{x, K) = P,(x) + KI\{x) = 0. P,(x) 
and Pi(x) are polynomials in x of iV'th and M'th order, N > M. 
The polynomials may have complex coefficients. K is a parame-
ter, say the gain factor, a; is a complex variable. Let f(x) = 0 
be a simple closed, convex curve. Let x follow the curve once 
around, then F(x, KC) alternately will become real and imaginary 
a total of 4iV times along the periphery if, and only if, all N roots 
are enclosed by the curve for IC = Kt,." 

A proof of the theorem is given in the literature.8 Any point 
xv on the convex curve f(x) = 0 may be described by the dis-
tance X measured along the periphery from some starting point 
X = 0. Next R(\, IC) = 0 and /(X, IC) = 0 are sketched in a (X, 
ZQ-coordinate system, the curves are called the R and the I-curve; 
R(K, K) and j/(X, K) are the real and imaginary parts of F(x, K). 
Recalling the theorem we arrive at a criterion which is believed 
to be new: 

All the N roots of F(x, IC0) = 0 lie in the area enclosed by the 
convex curve f(x) — 0 if, and only if, the line IC = Kt, alternately 
intersects the R and the I-curve a total of 4-N times. 

Usually the check on the 4N intersections is simplified sub-
stantially due to symmetry. Whenever a problem can be reduced 
to an investigation of root locations in the complex plane, the R 
and /-curves method may be of interest. There are a number of 
such problems associated with continuous and sampled-data 
control systems. 

Notice that part of the closed convex curve / ( x ) = 0 may be 
located at infinity. The left half of the complex plane, for instance, 
could be enclosed by the imaginary axis and a semicircle with 
center (0, jO) and radius r, where r approaches infinity. Notice 
also that any convenient quantity which increases monotonically 
with X could be used instead of X; in the criterion X = co, but we 
use wJ instead of co. 

•Peter W. Becker, " A Stability Criterion for Sampled-Data Con-
trol Systems," I R E Trans, on Automatic Control, January, 1963 
(Correspondence). 
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