
Another functional class considered in general by Jen-Wei [5] 

J = f(x is + u')dt 

giving a control similar to Class II. This implies that the charac-
ter of u in the functional (i.e., Jw|, u1, . . .) essentially determines 
the optimal control criterion. 

As an indication toward solutions for the other functionals 
mentioned in the statement of the problem, solutions are listed in 
Tables 1 and 2 for the case x = u, |tt| ^ 1, = 1, x£ = 0, and 
all weighting factors unity. Some cases not heretofore treated in 
this paper are also included. In passing it can be noted that 
there exists a close mathematical correlation between the discon-
tinuous control of no. 1 in Table 1, and continuous control. If 

CT 
J = I (1 + u2n)dt is to be minimized for n = 1 one gets no. 5 

Jo 
in Table 1. However, if a large number is taken for the index n, 
such as n = 100, the penalty, u j u m p s from almost zero at 
|u| < 1 to an extremely high value at |m| > 1. 
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D I S C U S S I O N 
R. Oldenburger4 

There was a time when the Automatic Control Division of the 
ASME had little interest in papers on the mathematics of auto-

4 Professor of Mechanical and Electrical Engineering, Purdue Uni-
versity, Lafayette, Ind. Mem. ASME. 

matic control. In the last few years the situation has changed 
so much that the mathematicians' point of view toward such 
words as "apply" is used in papers of the ACD Division. This 
is done by the authors of the paper under discussion. They 
refer to current applications of the control theory by Fliigge-
Lotz, Halkin, and Lee. The authors state in the paper that they 
have practical applications of the optimal principle. These are 
all applications only in the mathematical sense, not engineering. 
By "applications" the authors mean that the theory is used to 
treat mathematical models of physical systems. The work is 
mathematical and theoretical rather than physical. The engi-
neer in mdustry understands that the word "applications" 
refers to the production of physical hardware used by industry. 
There has been very little application in the engineering sense 
of optimal control theory in comparison with the enormous 
amount of time, money, and effort devoted to the theory. The 
discusser developed a series of optimal controllers covered by 
United States and other patents, and knows of patents by D. 
McDonald, H. G. Doll, and L. M. Silva, but is not familiar 
with other engineering applications. Here is a case where the 
theory has far outstripped engineering application. Although 
the optimal control theory is of considerable mathematical 
interest because all kinds of problems in this area can be solved 
beautifully in a mathematical sense, the long-term expenditure 
of considerable time and money cannot be justified unless more 
hardware is developed with the aid of the theory where this 
hardware is to be preferred on the basis of cost, superior per-
formance, etc. Optimal controllers are expensive. Unless 
definitely superior performance is obtained the average customer 
will not pay the price. The discusser feels that this current 
paper will do much to encourage engineers to produce hardware. 
The inclusion of the tables in the paper should help the practicing 
engineer. 

Two schools of optimal control workers arose several years 
ago. The first on the scene was the group composed of D . 
McDonald, A. M. Hopkin, H. G. Doll, the discusser, and others 
who were led to the optimal approach by problems encountered 
in industry. The second is the school of R . Bellman, J. P. 
LaSalle, R . E. Kalrnan, and others begun by D. W. Bushaw. 
The approach of this group to optimal control has been largely 
from the mathematical point of view. The Russian group of 
Pontryagin and others also belongs to this mathematical school 
which recently has exerted much influence on the optimal control 
scene. 

The authors minimize the time integral of the absolute error 
plus a constant times the first or second power of the absolute 
effort. In actual physical problems one usually wishes to opti-
mize many (sometimes infinitely many) performance indices at the 
same time or generate some reasonable engineering compromise 
to optimizing these indices. The discusser wonders whether or 
not minimizing the integral mentioned previously will at the 
same time optimize or nearly optimize other well-known per-
formance criteria. In the case of low order systems, time optimal 
control automatically yields control that is optimum in every 
reasonable engineering sense, that is, the maximum error (over-
swing) is minimized, as well as the undersaving, the time integral 
of the absolute error, and other quantities. 

The discusser is pleased to see that the paper includes examples 
of where optimum control is not bang-bang. In unpublished 
work the discusser found that for third-order systems there 
exists a class of initial states for which optimum control in the 
engineering sense is not obtained by operating bang-bang at all 
times. He also found the technique of reverse time to be very 
useful for simplifying the theory. 

The discusser found in industry that linear switching functions 
for the control of a single variable usually give practically the 
same results as the optimum nonlinear. This is especially 
so when hysteresis, higher-order lags and other ever-present 
factors are taken into account. The discusser feels that the 
same is probably true for the multivariable case. One value of 
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the optimal theory is that one can often derive good linear 
approximations from the nonlinear functions where otherwise 
one would have to employ cut and try or other less scientific 
design techniques to find them. 

Authors' Closure 
The authors wish to thank Prof. R. Oldenburger for his inter-

esting and timely remarks on optimal controls and on the relation 
between optimal control theory and physical realization of opti-
mal controls. In the realization of optimal controls in many 
physical systems there are reasons to prefer the feedback principle 
rather than open loop compensation. We would like to empha-
size that in this paper the optimal controls for different autono-
mous systems considered in the five examples are in feedback 
form, i.e., the controls are expressed in terms of state variables. 
These feedback controls remain valid for systems subjected to 
isolated step inputs. 

The modern theory of optimal control may have immediate 
contribution in the practical design of feedback control systems 
by (a) providing the highest possible performance for particular 
inputs and disturbances with which the performance of an actual 
control system can be compared; (b) creating a possibility to 
invent some new modes of control for specific systems; and (c) 
demonstrating the strong dependency of such modes on the 
definition of the prescribed performance criterion. 

In Example 1 in the paper, it was mentioned that switch curves 
for large values of x are no longer those given in Fig. 5. In such 
cases these switch curves are extremely close to but not exactly 

optimal as will be shown in [16 ]. It was also stated in Example 1 
that when w = 0 the optimal control includes an infinite number 
of switchings, called "chattering," which used to cause difficulties 
in the application of the Maximum principle. In [17 and 18] it 
was shown that the method of reverse time in conjunction with 
the Maximum principle can be employed in order to arrive at the 
optimal control. Low order process transfer functions such as 
those treated in this paper have quite a variety in their dynamic 
behavior, depending on the pole/zero configuration. For 
instance, the so-called "reverse reaction processes" may result by 
introducing one zero in the right side s-plane. The treatments 
given in this paper (e.g., Example 3) can be extended to such 
processes [19], 

The authors feel that the full implications of the Maximum 
principle and other techniques of the calculus of variations as 
applied to control systems have yet to be realized. 
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