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The writers are pleased to see that Professor Oldenburger and 
his students continue to make fruitful use of frequency response 
techniques. 

Of course, original credit for the transfer (or transmission) 
matrix approach to four-terminal (or two-port) elements should 
be given to Strecker and Feldtkeller [9]3 while their widespread 
use in mechanical, fluid, and thermal systems is largely due to the 
prolific contributions of Dr. Louis A. Pipes commencing with a 
definitive paper [10] and extending through a widely read text 
[11]. 

In this regard an argument must be made for the use of the 
standard (or canonical) form of the transfer matrix, namely 
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In addition to being conventional, this form has a significant 
algorithmic advantage. For example, in terms of the energy-bond 
diagrams of one of the writers [12] (also [2]), a typical fluid 
system might have the form: 
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The constant-resistance model for line friction given by equa-
tions (28) through (32) is valid only for low-frequency disturb-
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At higher frequencies the effective line resistance increases con-
siderably, since the velocity profiles are no longer parabolic. 
Thus the authors' conclusions 1 and 2, with the authors' "basic" 
water-hammer equations, are far too sweeping. For a much 
wider frequency band the authors' transfer matrix G(s), assuming 
linearity and laminar flow in cylindrical lines which are not too 
short, is very nearly 
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where r is the radius of the line; a is the Prandtl number, which 
enters the relation only for a gas since for a liquid the ratio of 
specific heat 7 can be assumed to be unity; and Jo and J1 are 
ordinary Bessel functions. These operators were derived and 
are discussed in some detail by one of the writers [13, 14] whereas 
others [15, 16] have given pure frequency operators which are 
physically equivalent though not so generally useful. The ob-
served dispersion of wavefronts is predicted by these operators 
whereas the traditional constant-L-R-C operators predict no dis-
persion whatsoever. 

At exceedingly high frequencies or for exceedingly short lines 
other modes of motion, such as the toroidal mode, become sig-
nificant. 

The relatively general discussion of the first half of the paper, 
including Fig. 3, leads the reader to expect a novel treatment of the 
line with friction, and with reactive as well as resistive termina-
tions. However, line friction is not considered in the root-factor 
presentation, and the methods indicated for the reactive case 
(equations (54), (55), and (56)) merely represent the classical 
treatment. Few other than the senior author could make the 
claim that " it is a simple matter to solve equation (38)" (for 
reactive terminations at each end). 

To avoid difficulties encountered in certain of these situations 
it is often advisable to model the line and the terminations sepa-
rately and then consider their union. One of the writers has de-
veloped a sequence of canonical representations of direct lumped-
structure modeling of continuous systems such as those discussed 
in this paper. For details the reader is referred to a patent which 
was granted recently [17]. 

The need for low frequency models of lossless transmission 
lines, per se, is less urgent than the paper might seem to indicate. 
In the frequency domain, expressions such as equations (12), (13), 
(14), (21), and (22) become for the most part simple straight 
lines and circles on the Nyquist plots. Indeed, low-frequency 
approximations yield more complex loci than the exact expres-
sions. In the time domain the exact expressions reduce to simple 
difference equations [2,6] . With resistive terminations, these 
equations directly give the time response. For reactive termina-
tions it generally proves more practical to represent the terminal 
impedance function(s) by approximate (or exact) time difference 
equations. 

In summary, then, particularly when a digital computer is em-
ployed in the system analysis, it is often more fruitful to represent 
a lossless transmission line by equations (7) and (8), both for fre-
quency response (using complex numbers) and for temporal re-
sponse (using time-difference equations). 
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Authors' Closure 
The authors would like to express their appreciation for the 

discussion and comments of Professors Paynter and Brown. The 
algorithm included by the discussers for computing the transfer 
characteristics for distributed elements in series is certainly 
amenable for machine computation of the frequency response. 
Care must be taken, however, in writing the computer program 
to avoid cumulative error for high frequency disturbances. 
Special subroutines and double-precision computation may be re-
quired when the number of elements in series becomos large. 
One reason for this is that in computing the sine and cosine func-
tions for large arguments accuracy is generally lost in the standard 
subroutines. The error is cumulative since it increases with the 
number of distributed elements considered. This is not a re-
striction on the applicability of the technique but a note on the 
practical difficulties found by experience in its use. 

The discussers give a transfer matrix for a fluid line which 
applies when viscous effects are significant and may not be ac-
counted for by a linear friction term included in the momentum 
equation of water hammer. The root factor method for repre-
senting the transcendental expressions by rational functions may 
be extended to this and other transfer matrices. The expansion 
is applied to the transfer matrix directly so viscous effects are 
included. It is also applicable for an arbitrary terminal condi-
tion. The two major restrictions on the use of the method which 
were noted by the discussers are then removed. The extension 
follows from the infinite product expansions for the hyperbolic 
sine and cosine and Bessel functions. A brief summary of the 
extension is given below. For details of the method the reader is 
referred to a study bjr one of the authors.4 

The infinite product expansions for the sine and cosine hyper-
bolic and Bessel functions are given by ' 
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The Bessel function zeros « . , „ monatonically increase with n, 
and ao,>i+i approaches ai,„ rapidly with increasing n. Thus, 
rational approximations to G(s) may be readily made by taking 
only a few terms of the infinite products appealing in G(s). The 
approximations become less cumbersome for liquids. In this 
case Nn(s) = 1 for all n, and a good approximation to the infinite 
product appearing in Ar2(s) and FJ(s) for |fcs| < 400 is given by 
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where J n ) = 0, n = 1 , 2 , . . . , . . . and A(y + 1) is the ordinary 
gamma function With the above substitutions G(s) becomes 
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A more accurate representation may be obtained by considering 
a higher order approximation, but the accuracy obtained with the 
above expression should suffice for most studies. 

Using the approximation above and keeping only one or two 
terms of the infinite product expansions of the hyperbolic sine 
and cosine functions in G(s), a rational model for the dynamics of 
a transmission line with "losses" and arbitrary boundary or 
terminal conditions results. By keeping only the first two terms 
of the infinite products, which yields a model of order six in s, the 
resulting approximation has been found to give good results for 
the transient response of a hydraulic line when the only dissipa-
tion of energy was due to fluid viscosity. 

The infinite product expansion also may be applied to the trans-
fer matrix Gp(s) of equation (31) by expressing the hyperbolic 
sine and cosine functions as infinite products as was done for the 
G(s) given by the discussers. The transfer matrix Gp(s) results 
when a linear friction term is added to the momentum equation 
of water hammer. 

In conclusion the infinite product approach may be used to ob-
tain a rational model for a transmission line with "losses" and 
arbitrary boundary or terminal conditions. The model is readily 
derived from the transcendental transfer matrix characterizing 
the line. The approximation resulting from taking only one or 
two terms of the infinite products is more accurate than a Taylor 
series expansion. The model is also relatively simple to obtain. 
In considering the number of terms of the infinite products to in-
clude in a rational model of the transfer matrices, conclusion 5 of 
the paper is applicable. However, no general statement on ac-
curacy similar to that given in the body of the paper for the ex-
pansion of the transfer functions has as yet been found for the 
higher order approximations of the transfer matrices. It has 
been found that keeping as many as five terms of the infinite 
products in the transfer matrix yields a valid model for the fre-
quency range applicable. 
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