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D I S C U S S I O N 
A. Cameron10 

Recently we studied the accuracy of various well-known 
viscosity temperature laws (Crouch and Cameron [28] ) u having 
available the viscosities of two oils, 102 V.I. and —60 V.I., 
measured every 5 deg between —10 and + 9 5 deg C. It was 
found the three constant formula of Vogel, r) = K exp (b/t + oc) 
(where K, b, are constants, t = deg cent) fitted the results to 
within the experimental error. We unfortunately missed the 
paper of Cornelissen and Waterman and have therefore now used 
our results to study the accuracy of their law. It suffers from a 
formal disadvantage that the exponent x is implicit and can only 
be found by trial and error. Slotte's formula 17 = B/(i + A)m 

has the same disadvantage. 
However, solving the equations numerically for viscosity at 

+ 9 5 , + 3 0 , and - 1 0 deg C it appears that the - 6 0 V.I. oil 
has an exponent x = 4.8 and for the 102 V.I. oil x = 3.15. It 

10 Department of Mechanical Engineering, Imperial College. 
London, S. W. 7, England. 

11 Numbers in brackets designate Additional References at the end 
of the discussion. 

would seem these are quite a long way from the average of 3.5 
quoted by the authors. Using, however, the exponent they give 
(3.5) and taking the fixed points at the extreme temperatures 
— 10 and + 9 5 deg C, the error at + 3 0 deg C expressed as 
(i?oaio — V°b.)/Vob, for the —60 V.I. lube is + 1 3 percent while the 
+ 102 V.I. oil gives an error of —7.8 percent. Thus the new 
formula does not show any immediate advantage over the stand-
ard formulas. 

We have also recently produced a new pressure viscosity cor-
relation which is valid for paraffinics, defined (following the 
ASME Report) as those oils whose aniline point is over 90 deg C, 
(Chu and Cameron [29]). This is 

Vp ' ^0(1 + Cp)n where n = 16 

and C is displayed graphically or correlated by the formula 

C = 0.062 10° /V ' 0 6 2 

and 

a = - ( 0 . 4 + 
\ 400 / 

p = pressure in thousands of P.S.I. 170 in centipoises at atmos-
pheric pressure. 

Could the authors say which of their oils has an aniline point 
of > 90 deg C or could they comment on the accuracy of this new 
correlation? It fits very well the ASME results, on which we 
tested it, up to 10,000 atm and 425 deg F, but we have not tried 
it at low pressures (1000 atm). 

Addi t iona l References 

28 R. F. Crouch and A. Cameron, "Viscosity-Temperature 
Equations for Lubricants," Journal Institute Petroleum, 1961, vol. 
47, pp. 307-313. 

29 P. S. Y. Chu and A. Cameron, "Pressure Viscosity Character-
istics of Lubricating Oils, Journal Institute Petroleum, 1962, vol. 48, 
pp. 147-155. 

J. W. Givens1 2 

Messrs. Roelands, Vlugter, and Waterman are to be con-
gratulated for working out this simple correlation of viscosity with 
pressure, temperature, and chemical constitution for mineral oils 
and presenting it in a form readily usable by lubrication engineers 
and research workers. The value of being able to make estimates 
of viscosity under the conditions of pressure and temperature 
occurring in practical machine elements is well known in lu-
brication research. This correlation is especially useful in that it 
relieves workers of the necessity of undertaking viscosity and 
density measurements at high pressures in the case of mineral 
oils. The parameters used to describe the chemical constitution 
of mineral oils are obtained from the Waterman n-d-M analysis, 
which uses routinely determined quantities. 

As the authors point out, it would be well to test further then-
correlation using the data of the A S M E Pressure-Viscosity 
Report. In this way the correlation could be tested over greater 
ranges of both pressure and temperature. While it is to be ex-
pected that the relative errors would be increased at values of 
pressure and temperature outside of the range of the authors' 
correlation, there is no doubt that useful estimates of viscosity 
could still be made. The experience of this discusser has been that 
a less exact correlation of this same general form, where the errors 
approached 10 percent, still produced data useful for engineering 
calculations. 

It would also be of great interest to test the validity of the 
authors' isobaric and isothermal relations when applied to syn-
thetic oils. The A S M E Pressure-Viscosity Report would again 
be a suitable source of data. It seems entirely probable that 
these relations would hold for synthetics such as diesters or 
polyalkylene oxides. If this were the case, a viscosity-pressure-

12 Kensington, Calif. 
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temperature relation of the type of the authors' equation (76) 
could be applied to these lubricants, which are of great current 
and future interest. 

H. A. Hartung 1 3 

The authors have developed a mathematical framework in 
which isotherms and isobars can both be presented as straight 
lines. Applying this system to petroleum oils, they have worked 
out an equation that gives excellent results in the pressure range 
up to about 1000 atm. This is done by correlating the constants 
of a general equation with chemical composition as defined by 
CA and Cm which quantities are determined by another cor-
relation of these compositional features with physical parameters 
of the lubricant: refractive index, density, and molecular weight 
(n-d-m). This is a most valuable result, which hopefully can be 
expanded in time to cover greater ranges of pressure, temperature, 
and chemical composition. 

By providing a three-dimensional space in which both isotherms 
and isobars are straight, the problem of mathematical correlation 
becomes tractable. Previous attempts to correlate in such a way 
have met with only the most limited success. In designing their 
correlation around carbon analysis, the authors have selected 
one of the more fundamental measures of lubricant composition. 
Earlier correlations have used other parameters, such as viscosity-
temperature behavior, to paraphrase lubricant composition. 
With the foundation laid here, many correlations should be 
possible, some of which may excel in accuracy and simplicity. 

The authors note that two methods published earlier give fairly 
good results, but require "a comparatively great number of 
atmospheric quantities." In one of these, the method advanced 
by this reviewer (reference [26] of paper), four values are needed: 
viscosity and density at 100 and 210 F. For certain classes of 
liquids, the density at any temperature can be estimated from the 
density at 60 F, reducing the number of actual measurements 
required to three. These must be applied to an empirically 
derived set of curves to predict viscosity at any temperature and 
pressure. 

In the authors' present method, at least four measurements are 
needed for hydrocarbon oils, which must also be used with 
correlation curves or tables that applj' to these oils (n-d-m 
method). 

In the opinion of this reviewer, the outstanding value of this 
paper lies not so much in the correlation it has produced as in the 
groundwork it has laid. Equation (7a) defines a relationship 
among viscosity, temperature, and pressure in terms of six 
constants. Table 2 contains nearly 400 bits of data that could 
be fitted to equation (7a), and substantially more is available in 
the literature. If the constants of this equation could be cal-
culated (not an impossible burden in this day of computers) for 
a number of lubricants of different classes and types within classes, 
it seems very likely to this reviewer that a few simple relations 
and correlations with physical measurements should emerge 
which would permit direct calculation of viscosity of any fluid 
for which three or four pieces of information were known. It is 
hoped that the present excellent work will stimulate further 
contributions in this field so that we may ultimately understand 
the viscosity of liquids. 

M . D. H e r s e y " 
The new isobar and isotherm formulas are noteworthy for 

their accuracy and simplicity. The new correlation will greatly 
advance our understanding of the effects of chemical constitution. 
Yet mechanical engineers, not knowing the carbon atom distri-
bution in their lubricants, need a handy method for estimating 
the pressure coefficient of viscosity, 6i, at atmospheric pressure. 
Kiesskalt's correlation has proved useful. 

13 Consultant, West Collingswood, N. J. Mem. ASME. 
11 Visiting Professor of Engineering (Research), Brown Univer-

sity, Providence, R. I. Fellow ASME. 

The chart on page 61 of [1] applied to Oil No. 1, after deter-
mining the viscosity-temperature slopes from Table 2, gives 6i = 
0.224 and 0.165 percent per atmosphere at 25 and 65 C, re-
spectively. The test data at constant temperature, when plotted 
to find the true initial slope of log 77/770 against p, give 61 = 0.213 
and 0.164. Allowance has been made for the atmosphere of 
1.0332 kg/sq cm. The ICiesskalt values run from 1 to 5 percent 
high. 

It appears from the authors' last table that their viscosity 
predictions may be accurate within 1.5 percent in the example 
chosen. The error in the initial slope, however, will be infinite 
if the slope is calculated from y values less than unity. The 
slope of log 17/1)0 against p varies with X/p to the exponent 1 — y, 
approaching infinity as p approaches zero. Thus the new cor-
relation is excellent for predicting viscosities, but not so directly 
applicable to finding initial pressure coefficients. 

The isobar equation (2a) reduces to that used in the ASTM 
chart at high viscosities, but deviates at low for want of the 
usual small constant added to 77. A comparison might be of 
interest. The complete 77, p, T equation (7a) contains six 
constants. These are well justified by their rational inter-
pretations. Yet an approximate equation carrying fewer than 
six constants may be of value for use over a specified range, if 
baaed on the more general relation. 

Authors' Closure 
The authors gratefully acknowledge the great interest expressed 

in their paper by some of the most prominent workers in the 
field of the viscosity-temperature-pressure relationship of lubri-
cating oils. 

For convenience, the authors would like to start with Mr. 
Hartung's comments. They fully agree that the value of their 
paper would lie primarily in the mathematical framework con-
structed for the viscosity-temperature-pressure relationship of 
liquids. Indeed, a convenient analytical representation of this 
relationship has proved essential to the success of attempts to 
achieve workable mathematical correlations. 

The basic feature of the mathematical framework developed 
in the present paper consists in that both the isobars and the 
isotherms of a given liquid can be represented by a fan of straight 
lines, both fans having the same viscosity pole (see Figs. 1 and 2). 
This finding leads to the comparatively simple space model—a 
hyperbolic paraboloid with two sets of straight generatrices— 
depicted in Fig. 3. 

It is noteworthy that the validity of this framework does not 
depend on the particular expressions used for defining the vis-
cosity, temperature, and pressure scales, as long as such expres-
sions are sufficiently accurate. In other words, many mathe-
matical formulations are possible for the quantities X, Y, and Z 
of equation (76). Accordingly, the authors agree with Mr. 
Hartung that it is "very likely" that further simplifications of the 
particular expression (7a) used in the paper, can be achieved, 
notably with respect to the number of parameters needed. 

Starting from this mathematical framework, various rather 
simple correlations can be developed for predicting the viscosity-
temperature-pressure relationship of mineral oils from easily 
assessable physical or chemical quantities. As outlined in the 
"Introduction" to Section VI, the present writers had the inten-
tion to investigate the effect of the chemical constitution of mineral 
oils, as characterized by their carbon-type composition. As 
shown in the paper, this effect could be quantitatively accounted 
for, in a very simple manner. 

Since the carbon-type distribution is determined from three 
suitably chosen physical constants [9, 10]—for example, from the 
combination of refractive index, density, and molecular weight, 
or from the combination of refractive index, density, and vis-
cosity—various correlations between the viscosity-temperature-
pressure relationship of mineral oils and such physical constants 
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are implied by the present correlation. The correlations based 
directly on physical constants would be of an even more readify 
usable form than the one with chemical constitution established 
in the present paper. At the time of writing the paper, however, 
these had not yet been elaborated. It should further be noted 
that in the correlation based on the carbon-type distribution 
solely, the quantity (CA + l.oCK) needs to be known, and not the 
carbon percentages individually. Therefore, the number of 
physical constants required for predicting the pressure dependence 
of viscosity, at any given value of the atmospheric viscosity, 
according to equation (6a), may well be reduced from three to 
two, one of which is the atmospheric viscosity at some standard 
reference temperature. 

As regards Mr. Hartung's very interesting correlation, it is 
admitted that the number of physical constants needed is hardly 
an inconvenience for its practical application. Although the 
writers consider this number to be on the high side in his original 
correlation [26], a few simplifications should indeed be possible 
if it is applied to mineral oils. A drawback of this correlation, 
however, is the lack of any mathematical background, so that it is 
rather cumbersome to use and loses much of its importance for 
many correlational purposes where analytical expressions for the 
viscosity-temperature-pressure relationship are indispensable. 

Nevertheless, the authors consider Mr. Hartung's correlation—• 
one of the very first based on data of the ASME Pressure-Vis-
cosity Report [14]—of great importance. For various types of 
oils, in particular mineral oils, of not too low viscosity grades, it 
does permit reasonable predictions of viscosities at elevated 
pressure. Yet, the most significant feature of his correlation is 
deemed to consist in that, essentially, it constitutes a correlation 
between the temperature dependence of the atmospheric viscosity 
of (mineral) oils and their viscosity-pressure dependence, thus 
indicating that Kiesskalt's original correlation or its revised 
version presented by Hersey and Hopkins [1], might well be 
improved. 

In view of the aforementioned part where, in connection with 
Mr. Hartung's comments, the essential features of the mathe-
matical framework of this paper have been highlighted, Dr. 
Cameron's criticism of the suitability of the atmospheric viscosity-
temperature equation (1), obviously touches upon a minor point. 
The authors thought it interesting to test at elevated pressure the 
validity of this equation, proposed by the late Professor Water-
man and Dr. Cornelissen, a few years before the present investiga-
tion was started. No particular advantages of this equation over 
the conventional ones have been claimed, but it has proved to be 
one of the best-fitting expressions, and it is fairly simple to use. 
As shown by Dr. Cornelissen, sufficiently accurate values for the 
implicitly contained exponent x, can readily be determined from 
tables or from a series expansion of the right-hand side of equation 
(1). For mineral lubricating-oil fractions, however, it has proved 
permissible to use one common value, x = 3.5, provided the 
temperature range covered is not too wide. Of course, by doing 
so, something of the accuracy of the equation is sacrificed. This 
is analogous to substituting a common value for the parameter 
a in the cited Vogel equation. By taking a = 95 deg C, the 
well-known Vogel-Cameron equation results. With such a com-
mon temperature scale, the viscosity-temperature data can still 
be made to conform reasonably well to the appropriate straight-
line relationship. However, it is not a fair procedure to evaluate 
the latter relationship, as Dr. Cameron does for equation (1) 
with x = 3.5, solely from the viscosities at the two temperature 
extremes, thus interpolating over the maximum possible tem-
perature range. Moreover, the low temperature of —10 deg C 
is far beyond the limits stated in the present paper for the general 
applicability of equation (1). 

Dr. Cameron denotes mineral oils as "paraffinics" if their aniline 
point is over 90 deg C. Of course, this is a very arbitrary defini-
tion. As regards the chemical nature of the oils, their carbon-
type distribution is a much better criterion. Of all the oils 
tested by the authors, the relevant data are given in Table 1. 

Their aniline points have not been determined, but correlations 
are available in literature for estimating these. 

Dr. Cameron has made some very interesting attempts to 
arrive at methods for predicting the viscosity-pressure depend-
ence of lubricating oils. Together with Mr. Chu, he has re-
cently published a new correlation, which has the desirable 
feature of an attractive mathematical form. Unfortunately, its 
validity had to be restricted to "paraffinics." The very limited 
applicability of this new correlation may serve as another illustra-
tion of the difficulties encountered in trying to develop a general-
ized correlation. 

The basic viscosity-pressure equation of the Chu-Cameron 
correlation is not a new one: it is identical with the so-called 
generalized Karlson equation [24]. As regards the accuracy of 
the new correlation, it readily appears from, for instance, Figs. 5 
and 6 of paper [29], that, in contrast to Chu and Cameron's 
conclusion, it is quite unsatisfactory for numerical evaluation, 
certainty over the wide range of temperatures and pressures the 
originators have stated. Moreover, according to this correla-
tion, the pressure effect on viscosity would decrease with increas-
ing viscosity grade, that is, the atmospheric viscosity at a certain 
standard reference temperature. However, the latter feature 
is in plain contradiction with experimental results. For the 
"paraffinics" represented by Pennsylvania oils, for example, this 
inconsistency readily appears from the figure contained in Pro-
fessor Blok's paper [24], More generally, it may be demon-
strated by the correlation developed in the present paper. 

The authors are indebted to Dr. Givens for emphasizing the 
convenient form and practical usefulness of their correlation. 
His remarks on the applicability of this correlation beyond the 
ranges investigated so far, are fully agreed upon. Dr. Givens has 
rightly drawn attention to the fact that, at least for engineering 
calculations, the accuracy to be embodied into such prediction 
methods should not be exaggerated. The authors would like to 
add that—unless their relative significance is realized properly— 
it is no longer fair to state the correlational accuracy in terms of 
percental deviations in cases where the viscosity variations in-
volved are so enormous that such figures may easily give a false 
picture of the practical usefulness of the correlation. 

The basic isobaric and isothermal equations, and likewise the 
complete viscosity-temperature-pressure equation, have proved 
to hold for all the liquids investigated so far, over a fairly wide 
range of temperatures and pressures. These liquids include 
various types of synthetic lubricating oils, such as silicones, di-
esters, polyglycol fluids, and fluorocarbons. Further details can 
be found in the literature cited. Consequently, Dr. Givens's 
conjectures concerning the validity of the basic equations can be 
fully confirmed. 

The authors were most pleased to receive Prof. Hersey's com-
ments, since he is one of the pioneers and recognized authorities in 
the present field. 

As regards the number of six parameters occurring in the com-
plete viscosity-temperature-pressure equation (7a), it is empha-
sized that this is the maximum number needed. For various 
classes of oils, less parameters are required, certainly if only mod-
erate temperature and/or pressure ranges are involved. For 
example, as indicated in the paper, for mineral lubricating-oil 
fractions the value x = 3.5 may be used over a fairly wide tem-
perature range. Further, it is well known that one may con-
veniently take the value j/ = 1 for many oils, particularly, if the 
pressure range considered is not very wide. In many cases, 
therefore, four parameters suffice for defining the viscosity-
temperature-pressure relationship in a satisfactory way. Sub-
stituting into the resulting expression the indispensable viscosity 
grade, that is, the atmospheric viscosity at a certain standard 
reference temperature, only three parameters are really needed. 
For more general considerations regarding further simplifications 
of the basic equation (7a) reference may be made to the authors' 
reply to Mr. Hartung's comments. 
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In general, the isobar equation (2a) cannot be reduced to that 
used in the ASTM Chart, neither at low nor at high viscosities. 
At high viscosities, both equations can be transformed into one 
another only in the special case where the parameter B in equation 
(2a) is very close to zero, or, in other words, the viscosity 
amounts to approximately 1 cP. 

If the carbon-type distribution of mineral oils is not known, this 
can readily be determined from easily measurable quantities 
by one of the various methods available [9, 10]. Then, accord-
ing to the authors' correlation, only the combination (CA + 
1.5CN) permits a convenient estimation of viscosity-pressure 
isotherms over a fairly wide pressure range. If it is desired to 
know the viscosity-pressure coefficient at atmospheric pressure, 
or the corresponding quantity 6i used by Professor Hersey, this 
can readily be obtained by plotting a few appropriate values of 
log rj—calculated from the present correlation—against pressure 
p, and reading the initial slope value. 

It is true that this initial slope value cannot be directly calcu-
lated by numerical differentiation of the basic isotherm equation. 
As far as the correlation is concerned, however, the latter short-
coming is of a mathematical rather than a practical nature. 
Moreover, this shortcoming of the present correlation can be 
remedied, for instance as follows. 

The quantity 6i represents the percental variation of viscosity 
with pressure, for pressure approaching zero, and is expressed 
in %/(kgf /cm 2 ) , according to reference [1]. Therefore, denoting 
the pressure in kgf/cm2 as p'—remembering that the symbol 
p in the paper refers to the atmosphere defined as 1.0332 kgf/cm2 

—the coefficient 6i may be written as: 

Combining equations (66) and (136), and allowing for the differ-
ent units of p and p', the next simple equation is obtained for b,: 

6i = 2.23 (0.2)" [(0.002Cj + 0.003 CN 

+ 0.055)logj?0 + 0.228], (14) 

where the appropriate value of the exponent y can again be read 
from Table 3. 

Applying correlation (14) to the example chosen by Professor 
Hersey, that is, to oil no. 1, the values 6i = 0.206 and 6i = 0.164 
%/ (kg f / cm 2 ) are found at the temperatures 25 and 65 deg C, 
respectively. The agreement with the values determined by 
Professor Hersey from the experimental data is excellent. For 
the latter oil, Kiesskalt's correlation achieves nearly the same 
accuracy as the authors'. This is rather fortuitous, however, 
since it is well known that for general application Kiesskalt's 
correlation is not reliable. Accordingly, Professor Hersey and 
Mr. Hopkins observed a considerable scatter of points from the 
straight-line relationship in their Fig. 21 of reference [ 1 ]. 

Correlation (14) has further been applied to two mineral oils 
with considerably higher atmospheric viscosities than those for 
which the correlation in the paper has been established. These 
oils were arbitrarily taken from the ASME Pressure-Viscosity 
Report [14], where they are designated as "paraflinic" and "naph-
thenic." For comparison, their 6i-values at 100 deg F have also 
been calculated from the equation to the straight line in Fig. 21 
of reference [1], denoted here as the Kiesskalt-Hersey correla-
tion. The relevant data are listed in the following table. 

Mineral oil n-d-M analysis m at 100 F, Values of 6, at 100 F ;% / (kg f / cm 2 ) 

Code Designation CA C n CP in cP Exp. Kiesskalt-Hersey Corr. (14) 

31-G Paraflinic 10 23 67 45 7 0.242 0.250 0.242 
37-G Naphthenic 15 41 44 133.7 0.320 0.286 0.323 

6, = 100 ( ^ j j r ) v' = 0 , (13a) 

where In represents the natural logarithm, loge. The value of d 
In r]/d p' for p' approaching zero, is numerically equal to the 
initial slope in a plot of In -q against p'. Since this slope is prac-
tically constant in the low-pressure range, its value can actually 
be obtained from the viscosities in this range. It has proved a 
feasible procedure, at least for mineral oils, to approximate the 
slope value from the viscosity increase at p' = 100 kgf/cm2 , so 
that the following expression may be written for 6t: 

The values predicted from correlation (14) are again as accurate 
as those obtained by plotting the experimental data. While 
the Kiesskalt-Hersey correlation gives a good value for the par-
affinic oil, the discrepancy observed for the naphthenic oil con-
stitutes another demonstration of its plain unreliability. 

Finally, it may be recalled that the basic correlation described 
in the paper achieves much more than a prediction of solely 
6i. In fact, in a fairly wide range of temperatures and pressures, 
it permits a satisfactory estimation of the viscosity-pressure rela-
tionship of mineral oils at any temperature involved, that is, at 
any given value of the atmospheric viscosity. 
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