
( 2(1 - CJ 7TC \ 
C = « - c) 1 - tan — ). 

\ TTt 2t ) 
3 A corresponding equation, derived by a method recom-

mended by the ASTM, differs by a factor of two at low stress 
levels, and is even qualitatively incorrect at high stress levels. 

4 Within the plastic zone, the strain is given in terms of the 
radius to the elastic-plastic boundary by 

k R 
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D I S C U S S I O N 
W. Gerberich3 

The author is to be congratulated on a fine and timely piece 
of work. Although the main effort of this paper was an elastic-
plastic shear-crack analysis, I would like to direct most of my 
discussion towards the plastic zone at the tip of a crack under 
tensile loading. 

First, I would like to comment on one of the author's objections 
to using the elastic stress distribution in predicting the boundary 
of the plastic zone. The author indicates that such an assump-
tion would involve plastic flow along the flank of the groove 
whereas his analysis indicates that the plastic zone lies entirely 
ahead of the crack. However, three separate experimental in-
vestigations on plastic deformation at the tips of cracks and 
notches in references [8, 9, and 10] * show considerable plastic 
deformation along the flank. For example, in Fig. 9, a photo-
elastic-coating analysis of residual plastic deformation in 2024-0 
aluminum plate illustrates the plastic deformation in the flank 
area. This was further verified by stripping off the plastic and 
measuring the thickness strains. Perhaps these experimental 
observations are due to some finite strain hardening. 

In some unpublished work by this writer, this method was 
used for separating the principal strains since ei — 62 and 63 were 
known. Thus, for a number of materials, the size of plastic zones 
and the principal strain distributions within them were deter-
mined for cracks under tensile loading. The specimen used for 
these evaluations was a standard 3 X 12 X 0.10 in.-thick A S T M -

• Aeroneutronic Division of Ford Motor Co., Newport Beach, 
Calif. 

4 Numbers 8 to 10 in brackets designate Additional References at 
end of discussion. 

Fig. 9 Isochromatics showing residual plastic deformation 
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Fig. 10 Strain distribution in large plastic zone 

recommended specimen with eloxed notches having a root radius 
<0.001 in. at each end of a center-slot. The simulated cracks 
were from 0.20 in. to 1.5 in. long. 

Let us first consider the principal strain distribution within the 
enclave. The author uses Hult and McClintock's analysis which 
shows the strain distribution to be a function of R/r where R is 
the distance to the elastic-plastic boundary. Using a similar 
function to represent the principal strain distribution in Fig. 10, 
it is seen that the experimental data fall very closely to the pre-
dicted curves for a fairly large enclave. Two sets of data are pre-
sented, the lower curve being for measurements along the plane of 
the crack and the upper one for measurements to the maximum 
extension of the enclave. For the latter case, the plastic zone R 
is divided by 1.69 as this is the ratio of Rm^/Ro-o° predicted by 
the elastic stress distribution. In this case, the net section stress 
was slightly greater than the yield strength of the material and a 
fairly large plastic zone resulted. Shown in Fig. 11 are results 
for a specimen in which the net section stress was slightly less than 
the yield strength, resulting in a smaller plastic zone. Here, the 
experimental data fall somewhere between a function of R/r and 
(R/r)1/'. For an even smaller plastic zone in Fig. 12, the strain 
distribution varies more sharply than (R/r)1/'. Thus, for in-
creasingly smaller plastic zones, the strain distribution seems to 
deviate more from that suggested by Hult and McClintock. 
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Fig. 12 Strain distribution in small plastic zone 

However, for the fully plastic state, it seems that an R/r variation 
in the strain distribution is quite representative. 

The important consideration here is the actual size of the plastic 
zone. As shown in Fig. 13, for relatively low stress levels the 
plastic zone size is plotted versus a parameter which includes the 
applied stress, yield strength, crack length, and plate width. 
Also shown are the equation of Hult and McClintock and a 
modification of equation (19) as taken from the elastic analyses. 
It is seen that most of the data for low stress levels fall in between 
these two curves. An interesting observation here is the effect of 
strain hardening on the plastic zone size. In the order of in-
creasing strain hardening, the materials are ranked as follows: 
6061-T6 aluminum, 7075-T6 aluminum, 4340 normalized steel, 
AZ-31B magnesium, and 2024-0 aluminum. Also it is seen in 
Fig. 13 that for an equivalent applied stress the plastic zone sizes 
fisted from largest to smallest give the same material ranking. 
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Fig. 13 Plastic zone sizes at low stress levels 

Fig. 14 Plastic zone sizes at high stress levels 

Thus the material with the least strain hardening has the largest 
plastic zone size. 

This effect of strain hardening is more clearly shown in Fig. 14, 
which is a similar plot of the plastic zone sizes at relatively high 
stress levels. There is a fantastic difference in comparing the 
plastic zone size of 6061-T6 aluminum to that of 2024r-0 aluminum 
for an equivalent ratio of applied stress to yield strength. For 
these two materials, the strain-hardening coefficient varies by a 
factor of four. An empirical equation strongly dependent upon 
the strain-hardening coefficient, n, was determined which gave 
the best fit to the data. It is seen that Koskinen's numerical 
analysis for the elastic-plastic case is in fair agreement with the 
projected empirical curve at n = o. It is also seen that most of 
the data fall above the curve predicted from the elastic analysis 
which is essentially for infinite strain hardening. Thus, the ma-
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terials with low strain hardening tend to fall toward the per-
fectly elastic-plastic case and the materials with high strain hard-
ening fall toward the elastic case. 

In summary, I would like to emphasize several points. The 
author has shown the extremely large difference in plastic zone 
sizes predicted by elastic-plastic and elastic analyses at high 
stress levels. The size of the plastic zone between these two ex-
tremes is indicated by the experimental data for various degrees 
of strain hardening. It would be valuable to extend the theoreti-
cal analysis to include strain hardening so that more realistic 
calculations of the plastic zone size may be made. 

Additional References 
8 K. S. Grewal, V. Weiss, G. Sachs, J. Sessler, Jr., " A Study of 

Plastic Deformation in Flat Notch Tension Specimens as a Function 
of Strength Level and Initial Stress Concentration Factor," ASTIA 
Report 253930, December, 1960. 

9 R. T. Ault and J. W. Spretnak, "Initial Yielding and Fracture 
in Notched Sheet Molybdenum," Technical Report ASD-TDR-62-
223, Wright-Patterson Air Force Base, April, 1962. 

10 W. W. Gerberich, unpublished work. 

G. R. Irwin5 

From the author's conclusion number 3, the first report of the 
A S T M Committee on Fracture Testing of High Strength Ma-
terials (reference [7] of the paper) recommended procedures for 
calculation of the crack border plastic zone size which are in 
serious error. This will surprise those who have studied reference 
[7] since the Committee report contains no recommendations on 
how such a computation should be made. The recommendations 
of reference [7] pertain only to a method for measuring crack 
toughness in terms of the stress intensity factor K of the opening 
mode crack stress field. The reference [7] equation suggested 
for computation of K is 

IO = cr2W tan [a + rY) 

where 

K2 

rY = 
27T(7rs2 

<y = gross section average tensile stress 
(Tj-,5 = uniaxial tensile yield stress (0.2 percent offset) 

The author's equation (19) was intended to represent the above 
equation for K 2 in other terms and becomes equivalent in a 
mathematical sense if we put 

aRo = rY 

replace t„ by cr, replace k by aYS, and assume the value of a to be 
unity. As employed by the author R0 represents the distance 
from the notch root or real crack border to the boundary of the 
plastic zone on the plane of expected crack extension. 

Reference [7] indicates rY can be thought of as proportional to 
Ro as indicated above. From careful study of the author's 
reference [1] one can see the proportionality factor a must be 
taken as l / j and this is the approximate value the writer had in 
mind when assisting with the preparation of reference [7]. 

There are, of course, uncertainties due to strain hardening and 
plastic zone shape when one uses the shear crack model of ref-
erence [1] in application to an opening mode crack in a high 
strength metal sheet or plate. In addition the value given rY 

in reference [7] was supported by experimental data. This sup-
port and the primary purpose of reference [7] eliminated any 
necessity for a precise fixing of the proportionality factor a. 
Consequently, reference [7] contains no recommendation for 
computation of the author's plastic zone size factor Ro-

It is evident, however, from the author's paper that he as-

' U. S. Naval Research Laboratory, Washington, D. C. 

sumed the value of a to be unity. Both this assumption and con-
clusion (3) require correction. 

The author's paper is of substantial interest and value in other 
respects. For example, it has been recognized6 that the correction 
for local plastic yielding of reference [7] is not exact and results in 
Kc values which fall below large specimen Kc values by increasing 
amounts as the net section stress increases from 0.8 <rYS to 1.0 aYS. 
The first of the three sets of plastic boundary lines shown in the 
author's Fig. 7 is helpful on this point. The adjustment of the 
linear elastic crack border to give best agreement with surround-
ing elastic stresses is a very complex problem. However, any 
rational procedure for fixing this "effective" crack border location 
would surely place it in a central region of the zone of plastic 
strains. Suppose, for example, the choice is made by selecting 
the distance from the real crack border at which the plastic 
boundary has its greatest separation from the plane containing 
the crack. Calculations of K on this basis using the curve of Fig. 7 
for a net section average stress value corresponding to equality 
with the yield stress provide a 10 percent increase of the K value 
over that which one would compute using the method recom-
mended in reference [7]. On the other hand, if the net section 
stress is dropped to 0.78 times the yield stress the two methods 
of calculation agree within 1 percent. The data at hand indicate 
need for an alteration of the computed Kc values of just the 
character and magnitude shown by these two results. 

From current trends future crack toughness testing methods 
will employ a compliance gage technique to determine the effec-
tive crack size thus eliminating need for any plastic zone correc-
tion factor. Nevertheless the author's paper is helpful since one 
can infer the trend in Kc values with specimen size observable in 
reported data is primarily a computation problem limited to the 
range where the net section stress exceeds 0.8 <rYS. 

The writer would like to ask whether evidence exists that a 
relation for plastic strains such as shown in the author's conclu-
sion number 4, holds true for plastic strains near the border of an 
opening mode crack. 

Author's Closure 
The author would like to thank Messrs. Gerberich and Irwin 

for their discussions. They have raised some interesting points. 
First, the question of conclusion 3. Dr. Irwin is correct 

in assuming that the author took his rY to be the radius of 
the plastic zone Ro, i.e., a = 1. After the November meeting, 
Dr. Irwin pointed out to me a very easy way of seeing why a 
should equal Consider the elastic stress distribution given 
by equation (10), assuming the crack extends to the center of the 
plastic zone. On the elastic-plastic boundary, the direction 
and magnitude of the stress in the assumed elastic field turn out 
to be identical to those on the actual elastic-plastic boundary. 
Thus all points on the boundary of the actual elastic region 
have the same stress, so by the uniqueness theorem, the stresses 
throughout the elastic region are identical to those given by the 
assumed distribution. Therefore, in the region where equation 
(10) applies, i.e., for small elastic-plastic regions, the solution is 
exact. 

Since a should be taken equal to the author's equation (19) 
should read 

( T c V 21 t tt(C + 7?o/2) 
Ro = c I — I — tan 

\k J 7TC 21 

which can be plotted in Figs. 3,4, and 5 by multiplying the plotted 
values of R0 by two while holding the stress level constant. 
This expression is in agreement with equation (12) at low strain 
levels. However, it is still qualitatively incorrect at high strain 
levels. When applied load equals the fully plastic load ( t „ I / 
k(t — c) = 1), then the plastic zone must extend all the way 

6 G. R. Irwin, "Relation of Craek Toughness Measurements to 
Practical Applications," Welding Journal, Research Supplement, 
November, 1962. 
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HARDENING RATE 
OF E 

REAL MATERIAL 

Fig. 15 

Possibly more interesting than the actual strain distributions 
are Figs. 13 and 14. As suggested by Rhee and McClintock1 

(1962), since the stress-strain curve of a real material lies between 
a nonhardening curve and one with a hardening rate equal to 
the Young's modulas (see Fig. 15), the extent of actual plastic 
deformation lies between the two corresponding solutions. The 
present paper is concerned with the nonhardening case. Equa-
tion (19), as originally given, is the solution to the case of a 
hardening rate equal to the Young's modulas. 

As agreed by Dr. Irwin and the author, the solution to the 
elastic-plastic case can be written 

IF / <T V r Tral 
fio = — ( 2 tan — • 

2 x \ < W L IF J 

for small strains. For the term in brackets, Dr. Gerberich has 
substituted a similar expression 

—- + tan — ~ 2 tan — 
W W IV 

across the specimen (Ro/(t — c) = 1). That is, the correction 
expressed by the second term of equation (17) is still missing. 

In answer to Dr. Irwin's other question, some unpublished 
work by Novak at M.I.T., 1961, with biaxially stressed alumi-
num foil seems to indicate an inverse radius dependence of 
strain on position as does Gerberich's data, but this question is, 
of course, far from settled. 

Dr. Gerberich's data is very interesting and encouraging, but 
two points must be kept in mind in interpreting it. The strain 
distributions which he has reported are residual strains after 
unloading. Reverse yielding may take place and residual elastic 
strains do remain. In Fig. 12, where the strains are considerably 
less than the yield strain, agreement is poor. These strains 
could be residual elastic strains. In Figs. 10 and 11, where elas-
tic strains are less important, a much better fit is obtained. 

Therefore, the solution to the nonhardening case should appear 
as a line with slope IF/2ir in Fig. 13. The line shown has a 
higher slope. A line of slope I F / 2 t plotted in Fig. 13 passes 
through the bulk of points. It should be above all the points. 
However, residual elastic strains at larger radii would tend to 
raise the apparent size of the plastic zone. As seen from the 
discussion concerned with equation (19), the case of a hardening 
rate equal to Young's modulas appears as a line of one half 
the elastic-plastic slope, IF/4?r. When plotted, this line is seen 
to fall below all the data as it should. Similar comments hold 
for Fig. 14. 

The author hopes that Dr. Gerberich will report on this work 
more fully sometime in the near future. 

7 S. S. Rhee and F. A. McClintock, Proceedings of the 9th 
National Congress of Applied Mechanics, vol. II, pp. 1007-1014. 
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