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Fig. 14 Examples of effect of design Mach number on dimensionless 
downwash perturbation due to wal l effects, DW. Also shown (in 
fainter lines) are values of quantities taken on by affine (incompressible) 
cascade. 

5.4 = £ 

DW = V l - M 2 cos2 X DWA 

h V l - M2 f h 

1 — M 2 cos2 X \ c 

(46) 

(47) 

(48) 

Equations (42 ) - (46 ) j'ield quantities that should be substituted 
into equations (26). The affine D W „ obtained from equation (25) 
is then substituted into equation (47) to obtain the actual DWm< 

and the affine h/c values from equations (27) and (28) are sub-
stituted into equation (48) to obtain the actual h/c values. 

An example showing the effect of design Mach number on DW 
is given in Fig. 14.6 For this case f = 40 deg, cr = 1.25, X = 40 
deg, v = 0, £ = 0, and h/c = 0.05. Also shown in Fig. 14, with 
"A" subscripts, are values pertaining to the affinely related in-
compressible cascade for the different Mach numbers. I t is seen 
that the dimensionless downwash DW is not greatly affected by 
design Mach number, and hence neither is the incidence angle 
perturbation due to sweep wall effects. A similar result was found 
b y Weber [5 J. The generality of this result has not been investi-
gated by the authors. 
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The equations of motion for steady, nonviscous flow of an in-
compressible fluid may be stated in the form8 

w X V = — - grad p0 + F 
P 

where V and w are the velocity and vorticity vectors, respectivelj', 

po the total pressure and F a nonpotential external force (the po -

tential force part is included in - grad p0). When, in the flow 
P 

through a cascade, the circulation along a blade remains constant, 
Po is also constant, and one arrives at the simple result which is 
just a generalized statement of the Kutta-Joukowski theorem: 

F = w X V 

In a simple theoretical model of cascade flow, F may be regarded 
the force the blades exert on the fluid, distributed tangentially 
and in the axial depth of the cascade, as if it were a body-force. 
The magnitude of this force is by the last expression: 

F = wV sin 6 

where 6 is the angle included by the vorticity and velocity vec-
tors. The direction of F is a line perpendicular to both w and V . 

The vorticity vector w represents blade action and has there-
fore a direction parallel to blade axis. When the circulation is 
constant, no vortex lines leave the bundle of such lines represent-
ing a blade. The total strength of this bundle of vortex lines, i.e., 
the circulation around a blade, is proportional to some charac-
teristic velocity in the system but otherwise depends only on the 
shape of the blade in a cross section, mainly on the camber, as is 
well known from thin aerofoil theory. The cross section of a blade 
is here meant to be perpendicular to blade axis. Thus, apart from 
a proportionality to the velocity in such a cross-sectional plane, 
the vortieitj ' distribution remains the same whichever way a blade 
is inclined against a section perpendicular to machine-axis. 
This simple fact justifies the principle adopted b y Smith and 
Yeh, that the deflection of the flow is calculated by looking at the 
blades parallel to the blade axis, but the justification is only 
rigorous for cylindrical blades. The important practical point 
in connection with the method of Smith and Yeh is, of course, 
that the vorticit} ' distribution corresponding to a blade profile is 
not actually calculated, since cascade data provide flow angles 
much more readily. Use of such data involves the use at some 
stage of the calculations of an integral relation for moment of 
momentum of the fluid passing through the machine. This kind 
of approach is most useful when dealing with stream tubes of the 
fluid, hence the complementary principle of Smith and Yeh, that 
the flow deflection calculated in the above manner is applied to an 
axial symmetric stream tube. On the whole, the method is an 
ingenious one in that it adapts empirical data obtained on simple 
cascades to a much more complex situation, on the basis of sound 
theory. Approximation is only involved to the extent that 
boundary-layer behavior may be different, on an inclined blade 
and also the twist of a blade may cause further perturbations. 

For the further details of the flow, it may be convenient to re-
solve blade vorticity into three components: tangential, axial, 
and radial. When sweep and dihedral are absent, the vorticity is 

7 University of Windsor, Ontario, Canada. 
8 Shapiro Handbook of Hydraulics, edited by Streeter. 
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purely radial, the blade force purely tangential. When the blade 
is swept, its vorticity contains an axial component, but the force 
is still purely tangential. The effects of axial ( = streamwise, 
very nearly) vorticity are well known from the analysis of Squire 
and Winter9 and others: this induces secondarj ' f low in a plane 
perpendicular to machine axis. Since, with swept blades, this 
vorticity component is only present at the blades, not in the wake, 
a "secondary flow" is set up winch is restricted to the immediate 
vicinity of the blades. This is the effect qualitatively described 
by Smith and Y e h as a spanwise displacement of streamlines, dif-
ferent on the suction and pressure surfaces of the blades. 

When the blades also have dihedral, the vorticity vector con-
tains a tangential component, and the blade force axial and radial 
components. As is well known already from the work of Ruden,10 

rings of tangential vorticity shed by blade rows produce a re-
arrangement of the axial-velocity profile. When the tangential 
vorticity is only present at the blade row, its effects are also con-
fined to the vicinity of the blades. Therefore the total effect will 
be a distortion of the axial velocity profile at the blade row, re-
turning to the undisturbed condition downstream. Clearly, this 
effect may be important in applying cascade data, because the 
axial-velocity distribution is most important at the blade row 
itself. For similar reasons, the calculation of wall-effects, carried 
out by Smith and Yeh with the aid of an image-technique, is also 
important for the determination of the meridional flow profile. 

One question that arises in one's mind is, what are sweep and 
dihedral good for? On the basis of the foregoing, one maj r tenta-
tively answer that by dihedral the axial velocity distribution may 
to a certain extent be controlled. One may, for example, squeeze 
more fluid out toward larger radii where the energy transfer 
process is more efficient, and this without shedding vorticity. 
Sweep, on the other hand, enables one to manipulate secondary 
flow to a certain extent so that one may attempt b y its applica-
tion to reduce undesirable boundary-layer accumulations. These 
are theoretical predictions and it remains to be demonstrated 
practically how far such measures can in fact be utilized. The 
methods of calculation presented by Smith and Yeh give the de-
signer the means for investigating such possibilities theoretically, 
in order that he may trj ' them out in practice with reasonable 
chances of success. These authors are to be congratulated for 
having made these ideas accessible and for having reduced an ex-
tremely complex problem to manageable proportions. 

A. D a s 1 1 

This paper "Sweep and Dihedral Effects in Axial-Flow Turbo-
machinery" by Mr . L. H. Smith and H. Yeh is quite a valuable 
contribution, specially for estimating the effect of boundary walls 
on swept blade-cascades. 

Although the worked-out theory is applied only for a strongly 
simplified case of semi-infinite blades with constant sweep angle, 
it throws sufficient light on the nature of interference of the walls. 
Especially noteworthy is the effect of sweep and effect of solidity 
on the nature of perturbation due to wall and its decay with in-
creasing distance from it. 

As mentioned in this work the approach to the calculation is 
based on the primary flow of the infinite blade-cascades, which is 
not worked out here. In this connection, it may be mentioned 
that a convenient blade-to-blade solution with any given dis-
tributions of thickness and other geometric cascade-parameters 
can be based on the method given by H. Schlichting [10].12 The 
inverse-problem of finding blade shapes and cascade-geometry 
from given aerodynamic parameters has also been worked out by 
N . Scholz [11]. With these methods it may be easily possible 
to extend the calculation for arbitrary blade form or arbitraiy 

9 Journal of Aeronautical Science, vol. 18, 1951, p. 21. 
NACA T M No. 1062, 1944. 

11 Institut ftlr Stromungsmechanik, Technical University, Braun-
schweig, Germany. 

12 Numbers in brackets designate Additional References at end of 
discussion. 

vorticity distributions along the chord, without restricting it to 
circular arc aerofoil or elliptical vorticity distribution as in this 
paper. 

Another extension of the problem which is of much practical 
interest is the effect of finite span of the blades. From extensive 
experimental investigation carried out in the Institute of Aero-
djmamics of the Deutsche Forschungsanstalt fur Luf t - und 
Raumfahrt ( D F L ) in Braunschweig a general relationship of 
blade-losses with blade loading and tipclearance has been es-
tablished showing that the shed tip vortex is closely dependent 
on these two parameters [12], Based on such relations the case 
of three-dimensional cascades maj r be treated. 

Further, in this Institute in Braunschweig investigations were 
also carried out with swept-blade cascades whereby the effect 
of sweep on the turning angle and the losses due to boundary-
layer growth were studied [13]. In agreement with this paper it 
also shows the reduction of flow-turning due to sweep. For swept-
back blade cascades the increase of losses due to boundary-layer 
accumulation at outer wall junction was found to be markedly 
high. A sweep forward blade may be of advantage because the 
boundar}' layer flow inward will be compensated by its radial flow 
outward due to centrifugal force—thus resulting in a favorable 
condition. However, the swept blade construction for turbo-
machiner}' is likely to give great structural problems and its ap-
plication is hardly to be realized in the desired speed range. 

The case of sweep effect due to conical flow through the inlet 
and outlet of axial-flow compressors has not yet been fully 
solved—mainly because the local sweep varies along the radius. 
This makes it necessary that a more universal method similar to 
the lifting surface theory of wings be applied, although it may 
need a considerable amount of computation. 

Additional References 
10 H. Schlichting, "Some Problems of Cascade Flow," Proceed-

ings of the Conference on Highspeed Aeronautics, Polytechnic Insti-
tute of Brooklyn, New York, 1955, pp. 175-187. 

11 N. Scholz, " Stromungsuntersuchungen an Schaufelgittern," 
VDI-Forschungsheft 442, Band 20, 1954. 

12 K. J. Bauermeister and G. Hubert, " Untersuchungen tlber 
Sekundarverluste der Beschaufelung axialer Turbomaschinen," 
Forschungsbericht Nr. 62-02, Aerodynamische Versuchsanstalt 
Gottingen, 1961. 

13 F. Moser, "Untersuchungen an gepfeilten ebenen Schaufel-
gittern," Bericht 55/17 des Institutes fUr Stromungsmechanik der 
T.H. Braunschweig, 1955 (unpublished). 
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The authors would like to thank the discussers for their land 

comments. 
Mr. Das has expressed interest in the effects of finite span of 

the blades (finite aspect ratio). The authors have been con-
cerned about these effects also, and have made some additional 
computations to help substantiate the recommendation made in 
Section 5 that the contributions from the two blade ends should 
be added at all points along the span. T w o simplified finite-
aspect-ratio examples were examined. In both cases the solidity 
and dihedral were taken as zero (flat, isolated airfoils) and the 
downwash was determined along the trailing edge. The elliptical 
chordwise loading distribution was again assumed. 

Fig. 15 shows one geometrical arrangement that is called herein 
a square airfoil. The sweep angle is seen to vary from 45 deg at 
one blade end to zero at the other.13 The downwash was obtained 
by finding the velocity induced by a square vortex ring located at 
an arbitrary chordwise position and b y then integrating over the 
chord. The values so calculated for three different aspect ratios 
are shown with solid lines in Fig. 15. The recommended approxi-
mate solutions obtained b y adding the downwash perturbations 
from both ends of the airfoils to the downwash of the two-di-

13 The square-airfoil model was suggested to the senior author by 
J. E. Fowler of General Electric Company. 
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Fig. 16 Downwash induced at trailing edge of swept airfoil placed be-
tween parallel walls 
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Fig. 15 Downwash induced at trailing edge of finite-aspect-ratio airfoil 
with sweep varying from 45 deg to zero along the span 

ALL 

mensional wing are represented by the short-dashed line. (Actu -
ally all of the downwash perturbation was contributed b y the one 
(swept) end for these oases.) The long-clashed line gives the 
downwash of the two-dimensional airfoil, and the short-long-
dashed lines indicate the values that would be obtained if the two-
dimensional method were used along the streamlines. I t is seen 
that the correct solutions have larger values of downwash than 
those obtained from the semi-infinite-span approximation, but 
except for the case in which the trailing edge length is only one 
half the chord ( A R = 1), the errors are not very significant. 

Fig. 16 shows the second configuration called herein a zig-zag 
airfoil. The calculated downwash velocities for four different 
aspect ratios are shown with solid lines. The short-dashed lines 
again represent values obtained through the use of the semi-
infinite-span model applied at both blade ends. It is seen that 

this approximation is a fairly good one even when the aspect ratio 
is rather low, and that the error is opposite in sign to that found 
with the square airfoil. In the limit of zero aspect ratio, the 
downwash for the zig-zag airfoil should approach that obtained 
when using the two-dimensional method along a streamline 
(short-long-dashed line), since in this case the zig-zag airfoil plan 
form approaches that of a two-dimensional airfoil with a chord of 
c sec X. 

B y using isolated airfoils we have tended to overestimate the 
finite-aspect ratio effects somewhat because it was found in 
Section 4.5.2 that end-wall effects die out more rapidly with 
distance f rom the wall as solidity is increased. The recommended 
approximate method should therefore be somewhat more accurate 
at the higher solidities than the above results suggest. 
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