
DISTANCE FROM WALL IN. 
Fig. 14 Axial velocity profiles exit from stator 

(1) Actuator disk theory (observed variable outlet angle). Two and three-dimensional theories identical. 

shown plotted in Figs. 12,13,14, together with various theoretical 
predictions based on variations of actuator disk theory. The 
free stream velocities behind each row are not the same, being 
controlled by three-dimensional effects. In all calculations the 
axial velocity profiles have been matched outside the boundary 
layer. 

Fig. 12 shows the axial velocity at exit from the inlet guide 
vanes. Two-dimensional actuator disk theory using a constant 
exit air angle from the disk (corresponding to that predicted from 
two-dimensional cascade data for the guide vane tip section) 
gives an exit velocity not far removed from that observed. The 
use of the observed varying outlet angle in the analysis enables a 
slightly closer approximation to the profile to be obtained. 

The observed axial velocity profile at exit from the rotor row is 
shown in Fig. 13. Use of a constant outlet angle (from cascade 
data for the tip rotor section) in a two-dimensional analysis pro-
duces the type of profile in which the velocity increases toward 
the wall. Replacement of the constant outlet angle with the 
variable observed angle in a two-dimensional analysis gives fair 
agreement with the observed profile, but an extension to include 
the variation of blade speed as well as outlet angle with radius 
(i.e., the use of cylindrical polar coordinates as in section 4) 
gives the best prediction (see Fig. 13). 

Similar calculations of the exit profile from the stator row (Fig. 
14) show the need for using variable outlet angles in the actuator 
disk analysis, but no need for inclusion of three-dimensional 
modifications. (Since there is no work done by the blade row on 
the fluid, the importance of a variation in blade speed through the 
boundary layer is eliminated.) 

7 Conclusions 
The results illustrate the importance of accurate prediction of 

the exit air angles if boundary layer profiles through a turbo-
machine are to be estimated. Fair estimates of the air angle dis-
tributions through the first three rows of an axial flow compressor 
are obtained by tracing the secondary vorticities through the 
rows, and calculating the variations of outlet angle with radius. 

It is suggested that a method similar to that used in this paper 
should be used in the design of axial compressors, rather than the 
usual method in which it is assumed that the compressor runs 
full, and empirical "work done factors" or "blockage corrections" 
are used to correct the design calculations. 
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D I S C U S S I O N 
F. F. Ehrieh2 

The subject paper by Professer Horlock is a distinct contribu-
tion to the understanding and treatment of the internal aerody-
namics of axial flow turbomachinery. It collects, in summary 
form, a number of the more significant analytic treatments of 
these flows, particularly those of actuator disk theory and of 
secondary flow theory, and applies them, with significant success, 
to an experimental situation. The particular analytic/experi-
mental correlation is impressive in that it traces the cumulative 
effect of the phenomena under study through all four stations of a 
full compressor stage. 

The usefulness of the general understanding derived from the 
paper cannot be overlooked. But the general recommendation 
that the techniques described be used in the design of axial flow 
compressor is open to question on several grounds: 

(а) For highly loaded blading with large turning, the nonlinear 
by-product of the secondary flow in "rolling-up" the boundary 
layer at blade ends of the suction side can be a first magnitude 
phenomenon in continuously refreshing the boundary layer. 

(б) The computational procedures outlined are more in line 
with analysis and prediction of flow phenomena in given geome-
tries than synthesis of new compressor designs. The procedures 
can, therefore, be applied only indirectly, and after the fact, to 
the design problem. Although the analytic procedure might use-

! General Electric Company, Lynn, Mass. Assoc. Mem. ASME. 
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fully be applied to "test" a given configuration at its design point 
or at selected off design points, a rationale is required as to how 
compensations in the design should be introduced to cater for the 
phenomena described by the analysis, or mitigate their deleterious 
effects. 

(c) The analysis does not come to grips with the common design 
and operational modes of nonuniform radial work distribution. 
This is particularly significant in invalidating the paper's Conclu-
sions on Trailing Vorticity for the general case. In particular, 
consider the case of an inlet guide vane with uniform (potential) 
inlet flow, but with spanwise nonuniformity in turning angle. 
Kelvin's theorem implies that the main stream passage flows are 
irrotational on exit from the row, but two-dimensional considera-
tions imply that the average value of streamwise vorticity is 
nonzero. The seeming paradox is resolved on realizing that all 
the expected vorticity is concentrated in the wake emanating 
from the blade trailing edge. This type of flow severely limits 
the generalization developed in the paper that average vorticity 
is nearly equal to average blade passage vorticity since, in this 
example, passage vorticity is identically zero, and average vortic-
ity is finite and nonzero. 

(d) Real design generally must include aspects such as non-
cylindrical walls, finite chord length blades, and interblade spac-
ing, tip clearance, etc., which may have effects which over-
shadow the mechanisms described. Considerations of com-
pressibility and viscosity (boundary-layer growth, blade losses, 
and so on) must be included. The technique of incorporating 
them simultaneously with the mechanisms described in the paper 
is not clear and appears to be formidable. 

The reviewer has one special observation from Professor Hor-
lock's experimental results pictured in Fig. 11. It appears that 
the cumulative effect of the secondary flows at the outlet to the 
stage works to suppress major deviations from nominal design 
outlet angle. Perhaps Professor Horlock could generalize on this 
observation and, perchance, establish some rationale for the 
fact that crude design, neglecting secondary flow phenomena, 
actually does not work as badly as simpler considerations would 
predict. 

J. F. Norbury3 

Professor Horlock has made a bold attempt to synthesize the 
simple theory of secondary flows with actuator disk theory. It 
is surprising that inviscid analysis can be applied in the boundary 
layer and yet give predictions of air angles and axial velocity 
profiles which compare so well with experiment. Even with the 
effect of shear stresses omitted the flow being analyzed is still 
very complicated, and one of the virtues of the paper is that it 
gives such a clear physical picture of the relation between pri-
mary and secondary vorticity in both the rotor and the stator. 

However, there is a point at which better accuracy may be in-
troduced into the_ analysis without too much difficulty. The 
relative vorticity f is given by o> — 0. Professor Horlock has 
shown that 0 is usually small compared with w, and he neglects 
0 when calculating the components of f parallel and perpendicular 
to the velocity relative to the moving row. 

If 12 is taken into account the vorticity diagrams at the rotor 
inlet and outlet are as shown in Figs. 15(a and b), which also in-
cludes the velocity triangles. Using the additional notation 
given in the figures the following relations may be used to calcu-
late the various vorticity components. At rotor inlet: 

f t l = fi. cos ft + to„,. sin (ai + ft) - 2«o„,. cos (a, + ft) 

f „ , = - Q . sin ft + to,,,, cos (ar, + ft) + 2«o„,. sin (a, + ft) 

At rotor outlet: 

f«j = f»i 

3 Senior Lecturer in Fluid Mechanics, University of Liverpool, 
England. 

fni tni 

C0.J = -12. cos a2 + f „ . cos (a2 + ft) - sin (a2 + ft) 

co„, = -12. sin a2 + f „ . sin (a2 + ft) + f„ , . cos (a2 + ft) 

At stator outlet: 

co„, = co„, 

Clearly the errors incurred by neglecting 12 depend on the air 
angles, and the foregoing relations are too involved to allow 
general conclusions to be drawn. In order to illustrate the orders 
of magnitude involved the equations have been used to recalculate 
the results given in Fig. 2 of the paper. The value of ob-
tained on this basis is greater than the author's figure by 0.8312, 

^ p T 

U 

- n 

Fig. 15(a) Velocity triangle and vorticity diagram at rotor inlet 

Fig. 15(b) Velocity triangle and vorticity diagram at rotor outlet 
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and the value of o>„ is greater by 0.1612. In this case, therefore, 
the error in co„ is very small but the relative error in is about 

This may be quite appreciable and it appears that , 5 ( » ) • 

the small additional effort of including the effect of S2 in this part 
of the calculation is probably worthwhile. 

Professor Horlock has pointed out that the velocity contours 
shown in Fig. 7 do not exhibit the corner stall normally associated 
with a stationary compressor cascade not preceded by a rotor. 
The explanation may be as follows. In the stator the secondary 
flows are tending to move fluid from the annulus wall boundary 
layer toward the pressure side of the blade, while in an isolated 
stationary compressor cascade this fluid is moved toward the 
suction side. The adverse pressure gradient is smaller on the 
pressure side, so that the boundary layer is thinner and less 
liable to suffer separation as a result of the interference of the 
annulus wall layer. 

It appears that the effect of the underturning which actually 
occurs in the stator blading is less serious than that of the over-
turning which normally occurs in an isolated cascade, and this 
has important implications for the designer. 

L. H. Smith, Jr.4 

The stage-to-stage build-up of boundary layers and secondary 
flows has always been a topic of considerable interest to those of 
us concerned with multistage turbomacliinery, and so a paper on 
this subject is welcomed. 

As the author shows, the "laboratory" flow model on which so 
much work was done a few years ago (in which the inlet wall 
boundary layer is unskewed) is not representative of the condi-
tions that exist at a compressor casing, and that in reality the 
secondary flow frequently rotates in a direction opposite of that 
normally expected because of the existence of upstream stream-
wise vorticity. Some more recent experimenters have, however, 
taken this skewness into account [10-12 j.6 

' Manager, Turbomaehinery Development Unit, Applied Researc 
Operation, General Electric Company, Cincinnati, Ohio. Mem. 
ASME. 

6 Numbers in brackets from 10 to 13 designate Additional Ref-
erences at end of this discussion. 
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Fig. 16 Distributions of blode-to-blade average cross-passage secondary 
velocity component induced by constant-vorticity boundary layers of 
different thickness 

In order to elucidate the nature of the problem, the author has, 
justifiably, used a simplified analysis in which the contribution to 
the downstream streamwise vorticity of the wake vortex sheets 
has been neglected. For a pertinent example, it is shown in Fig. 
4, that this approach represents a fairly good approximation. 
This writer would like to offer a word of caution here, however, 
for thicker boundary layers this approximation becomes much less 
satisfactory. To demonstrate this, some secondary flow calcula-
tion results are presented in Figs. 16 and 17. Here the streamwise 
vorticity o),, is taken to be constant for z-values between 0 and 8, 
and zero when z > 8 (the blade row has semi-infinite span). The 
blade-to-blade average cross-passage secondary velocities shown 
in Fig. 16 were obtained from an equation derived by the writer 
based on assumptions similar to those which yielded equation 
(5). The familiar conditions of overturning at the wall (when the 
streamwise vorticity has the usual sense) and underturning in the 
neighborhood of z = 5 are seen to be present. In Fig. 17 the rela-
tive strengths of the wake vorticity and the vorticity in the flow 
between the wakes are compared for different values of boundary-
layer thickness. Here the wake circulation is (see Fig. 3 in the 
paper) 

jr; 03,/dz 

and the circulation due to u>,2 is icS28s'. It is seen that as the 
boundary-layer thickness increases with respect to the wake 
spacing, the wake contribution increases and finally becomes equal 
and opposite to the secondary-vorticity contribution, at which 
time the average circulation is zero and the downstream angle 
perturbation vanishes. To obtain a physical interpretation of 
this limit we think of a semi-infinite cascade with a given free-
stream velocity but subjected to thicker and thicker wall bound-
ary layers. Since co,2 is inversely proportional to 8, it vanishes as 
8 —*• °° and the angle perturbation vanishes also. And since angle 
is dimensionless, it does not matter whether 8/s' becomes in-
finite because 8 —>• <*>, as in this example, or because s' —* 0, as 
would occur if more and more blades were added to a cascade 
with a given boundary-layer thickness. 

Has the author applied his method to the experimental com-
pressor when it was operating near stall, in which case we might 
expect the rotor-exit boundary layer to be thicker? 

The writer would like to offer a suggestion in connection with 
Fig. 9. The design air outlet angles based on cascade data 
(dashed line) would presumably apply if there were no secondary 

0 . 5 
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Fig. 17 Circulation due to secondary vorticity and circulation around 
wake vortex sheet for constant-vorticity boundary layer. Average 
circulation, which is algebraic sum of these, approaches zero as 5/'S 
approaches infinity. 
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flow in the casing boundary layer. Actually, because these guide 
vanes are not of the free-vortex type, there is a "free-stream" 
secondary flow present that modifies the two-dimensional cascade 
results near the wall because the free-stream trailing vortex sheet 
strength must be zero at the wall. This free-stream kind of 
secondary flow has been treated in [13]. When the dashed line 
in Fig. 9 is modified to account for this, and the wall boundary-
layer secondary flow added thereto, it appears that a still better 
check with experiment will result. 
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Author's Closure 
The author is indebted to Drs. Ehrich, Norbury, and Smith for 

their most useful contributions. 
He agrees with Dr. Ehrich that the analysis given in the paper 

should be limited to lightly loaded bladings, but suggests that the 
extent of the "rolling up" of the boundary layer in a turbo-
machine may not be as great as cascade measurements have led 
us to believe, for the reasons given in the paper. With regard to 
the synthesis of new designs, it is possible to design the tip and 
root sections of a machine, using the analysis given, making the 
secondary vorticity zero at outlet from rotors or stators — 
2«f ni = 0 or cosl — 2ewni = 0). This may be done fortuitously in 
some machines, which explains why some designs neglecting 
secondary effects are adequate, as Dr. Ehrich points out. 

The author accepts completely the limitations of the simplified 
analysis pointed out by Dr. Smith. The calculations in the paper 
were valid only because the ratio 8/S' was small at the tip of a 
compressor first stage (5 small, and S' large). The author has 
not obtained any results with thicker boundary layers. 

Dr. Norbury's analysis is a valuable addition to that given in 
the paper. However, if the terms involving Q are large enough to 
be considered, then it is probable that the gradients in spanwise 
circulation in the ideal flow must also be included. 

Both Drs. Ehrich and Smith point out that this gradient in 
spanwise circulation should be included in the analysis. Perhaps 
the most severe limitation of British work has been the concen-
tration on the two-dimensional cascade models, in which this 
effect is neglected. The analysis given by Hawthorne and Arm-
strong [8], the validity of which is proved by their experiments, 
must be regarded as an academic establishment of the existence 
of the various components of vorticity in "cascade" secondary 
flow. The parallel, but more general, work of Smith [13] is un-
doubtedly the more useful solution of the problem for the turbo-
machinery designer, for the spanwise gradients of circulation are 
included in the expressions given for the vorticity components. 

To include the major effects mentioned by the contributors in 
the analysis given in the paper is straightforward but lengthy. 
The following procedure would be adopted: 

1 Establish the primary flow, the ideal axisymmetric flow. 
2 Use the expressions given by Smith [13] to calculate the 

channel and trailing vorticilies at exit from the guide vanes. 
(The effect of spanwise circulation in the primary flow would be 
included.) 

3 Calculate the total circulation in the flow leaving the guide 
vanes, the mean vorticity equivalent to this circulation and the 
outlet angle changes corresponding to it. Use these angles in the 
calculation of the modified primary flow. 

4 Resolve the mean vorticity vector into components parallel 
and perpendicular to the relative flow at entry to the rotor. 

5 Calculate the relative channel and trailing vorticities in the 
rotor by Smith's analysis [13], et seq. 

6 Add to these components the resolved components of the 
rotation vector. 

Whether such a lengthy procedure woidd be justified is doubt-
ful and the author is inclined to suggest that if the effects de-
scribed are to be considered in turbomachinery design, the ap-
proximate analysis given in the paper might be sufficient to 
establish orders of magnitudes, always subject to the limitations 
that S/S' must be small, and the gradients of circulation due to 
the boundary-layer effects are large compared with those in the 
primary flow. 
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